MATH 3160 - Probability - Fall 2018 sample final exam problems (©)Alexander Teplyaev

(1) Suppose one has 7 indistinguishable balls. How many ways can one put them in 3 boxes? Explain your
solution.

s (3 - () () -

(2) A pair of fair dice is rolled. What is the probability that the first die lands at least twice higher value as
the second die?

Answer: }1

(3) Suppose A is the event for which the probability is computed in the previous question, and B is the
event “the second die is an even number”. Are these events independent? Explain your solution.

Answer: Not independent

(4) The probability that an “accident prone” policy holder has an accident within a year is 0.8, while the
probability that a “non-accident prone” policyholder has an accident within a year is 0.2. Assume that
30% of the policyholders are “accident prone”. If a policyholder had an accident, what is the probability
that this policyholder is not accident prone?

Answer: The probability that a random individual has an accident is P(A) = 0.3-.840.7-0.2 = .38

0.7-.2 7
P(not acccident prone|A) = 5 19

(5) A pair of fair dice is rolled. What is the expected value of the difference between the higher and the
lower value?

Answer: i’—g

(6) Suppose X is a Poisson random variable with P(X =2)/P(X =4) = 1. What is \?

Answer: 6

(7) Suppose X has density

T
0 otherwise

a

— if 1<x<2
o[ 11505t
Find a, EX, EX?, VarX.

Answer: a =2, EX =2In2EX? =2, VarX = 2 — 4(In(2))?



(8) Let Z € N(0,1), that is, a standard normal random variable. Find the cumulative distribution function
and the probability density function for X = Z2.

Answer: if z > 0 then the functions are F(z) = 2®(y/z) — 1 and f(x) = exp(—x/2)/\/ 27,
and both are 0 otherwise

(9) Suppose the dice is rolled 720 times. Use the normal approximation to estimate the probability that 3
occurred exactly 123 times.

Answer: ®(0.35) — ®(0.25) ~ 0.13683 — 0.09871 = 0.03812

(10) Suppose X is an exponential random variable with EX = 2. Find the conditional probability that
3 < X <4 given that X > 2.

1/2 1

Answer: e '/ — e~

(11) Suppose that random variables X and Y are uniformly distributed in the region y > 0, x >y, z+y < 4.
Find P(X < 3)

7
Answer: P(X > 3)=1/8 by integration or geometry, and so P(X <3)=1—§ = 3
(12) Suppose again that random variables X and Y are uniformly distributed in the region
y>0,z>y,v+y <4 Find EX and EY

Answer: EX =2 and EY = %

(13) Let Sy = X + ... + X4 is the sum of 4 independent random variables, and each X; is exponential with
A = 3. Find the moment generating function m(t) for Sy. Also find m/(0) and m”(0).

Answer: m(t) = (%) m'(0) =4/3 m"(0) =20/9

(14) Let Si6 = X + ...+ Xy is the sum of 16 independent random variables, and each X; is exponential with
A = 3. Use the CLT to estimate the probability that |Sis — 6| < 2.

Answer: ¢(2) + o(1) —1



(15) In the situation of questions (11) and (12), find VarX and VarY

Answer:
VarX =56/12 — (2)% = 2/3,
Vary =8/12 — (2/3)? = 2/9,

because

f02 f;_y ldzdy = 4
f02 f;*y xdxdy = 8
f02 f;_y vldady = %

Jo J) " ydedy =
Jo I, ydady = 5

Hint: one can find another solution by using problem (17) below.

(16) In the situation of questions (11), (12) and (15), find the correlation between X and Y. Are X and Y
independent? Explain.

Answer: p(X,Y) = (16/12 —2(2/3))/1/(56/12 — (2))(8/12 — (2/3)2) = 0

because f02 fy4_y zydedy = 42

There is another solution that does not use integrals but the left-to-right symmetry.
No, X and Y not independent because the region of integration has a triangular shape.

(17) In the situation of questions (11), (12), (15) and (16), find the marginal densities of X and Y.

(T

- if 0<2<2

! 2=y if 0<y<2
—_— 1

4 —x 2 =¥=

. if 2<z<4 and fy(y) =

Answer: fx(z) = <

0 otherwise

\ 0 otherwise

(18) In the situation of questions (11), (12), (15), (16) and (17), find the conditional densities f(X|Y), f(Y]X).

1 if 0<y<2,y<azr<d—y
Answer: f(X|Y) = —2y

0 otherwise
r]_ .
— if 0<z<20<y<cz
T
fY[X) = if 2<2<40<y<4—uz
4 —x
0 otherwise

Hint: this can be obtained without integration.



(19) In the situation of questions (11), (12), (15), (16), (17) and (18), find the conditional expectations E(X|Y")
and E(Y|X).

2 f 0<y<2, y<awr<d—y
Answer: f(X|Y) =
0 otherwise

'g if0<r<20<y<ua
fYix)y={41-7
5 if 2<zr<40<y<4d—=x
\0 otherwise

Hint: this can be obtained without integration using either geometry or the table.

(20) In the situation of questions (11), (12), (15), (16), (17), (18) and (19), find the conditional variances
Var(X|Y) and Var(Y|X).

(4 —2y)% |
7 fo<y<2?2 <xr<4-—
Answer: Var(X|Y) = 12 Fosden et !
0 otherwise
( :CQ
2 if 0<z<20<y<zx
— 4 — )2
Var(Y]X) <1;) f2<r<40<y<d—uz
0 otherwise

\
Hint: this can be obtained without integration using the table.

(21) Suppose EX = u, VarX = ¢ and a is a number. Find expression for E(X — a)? that uses only p,0?% a
and numbers. For which a the expectation E(X — a)? attains its minimal value, and what is this value?

Answer: E(X —a)? =E(X —p+p—a)? =E(X —p)? +2E(X —p)(p—a)+E(p—a)? = 0?4+ (u—a)?
The minimal value is 02 when a = p.



