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Topological properties of tilings  
From structure to spectrum 

Virtual Workshop on new approaches to quasi-periodic 
spectral and topological analysis, May 2021
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 Is there a relation between 
structure and spectrum in aperiodic 

tilings ? 

A equivalent of Bloch theorem for 
tilings  

1. E. Akkermans, Y. Don, J. Rosenberg and C. L. Schochet, Relating Diffraction and Spectral Data of Aperiodic Tilings: Towards a Bloch 
theorem, J. Geom. Phys. 165, 104217 (2021).

https://www.sciencedirect.com/science/article/pii/S0393044021000681
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Outline

1 Prologue

2 Cut and Project Tilings and Windings

3 Substitution Tilings and Čech Cohomology

4 Bloch Theorem for Aperiodic Tilings

5 Topological Phase Transitions
in Fractals and Random Tilings

6 Epilogue
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Prologue Cut & Project and Windings Substitutions and Čech Bloch Thm Topo’cal Phase Transo Epilogue

Aperiodic Tilings

We can describe these systems by “tilings”

Problem: too big; ill defined

Quasicrystals

Thue-Morse
. . .

Wang Tiles

L-systems
. . .

Periodic
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)LJXUH ���� 6HWXS DQG ZDYH SURSDJDWLRQ QRWDWLRQV IRU WKH GLHOHFWULF VFDWWHULQJ JH�
RPHWU\ SUREOHP� {iL, oL} ≡

{
E(→)

L , E(←)
L

}
GHQRWH WKH HOHFWULF ILHOG DPSOLWXGHV

RI LQFRPLQJ DQG RXWJRLQJ ZDYHV DW WKH OHIW ERXQGDU\� UHVSHFWLYHO\� 6LPLODUO\�
{iR, oR} ≡

{
E(←)

R , E(→)
R

}
DUH GHILQHG RXWVLGH WKH ULJKW VWUXFWXUH ERXQGDU\�

SUHVHQW FDVH GXH WR WKH GLVFRQWLQXLW\ RI WKH UHIUDFWLYH LQGH[ LQ WKH OD\HUHG VWUXFWXUH��
%XW DW VRPH SRLQW WKH ZULWLQJ RI UHODWLRQV ����� DQG ������ UHO\ RQ WKH GHILQLWLRQ
RI D ZDYH YHFWRU DQG D JURXS YHORFLW\ � KHUH ZH DVVXPH IUHH SURSDJDWLRQ LQ HDFK
LQGLYLGXDO VODE�

$Q LQWHUIDFH I ≡ A↔ B EHWZHHQ DGMDFHQW VODEV A DQG B LV GHILQHG LQ ILJXUH ����
7KH ERXQGDU\ FRQGLWLRQV DW D GLHOHFWULF LQWHUIDFH DUH LPSRVHG WKURXJK FRQWLQXLW\
UHODWLRQV

E(→)
A + E(←)

A

∣∣∣
I±

= E(→)
B + E(←)

B

∣∣∣
I∓

, ������

DQG

nA

(
E(→)

A + E(←)
A

)∣∣∣
I±

= nB

(
E(→)

B + E(←)
B

)∣∣∣
I∓

. ������

7KH SKDVH DFFXPXODWLRQ ZKLFK DFFRXQWV IRU IUHH SURSDJDWLRQ WKURXJK D VODE A RU B
LV

⎧
⎨

⎩
E(→)

A→,B→ = E(→)
A←,B←einA,BdA,Bk ≡ E(→)

A←,B←eiδA,B

E(←)
A→,B→ = E(←)

A←,B←e−inA,BdA,Bk ≡ E(←)
A←,B←e−iδA,B ,

ZKHUH ZH KDYH GHILQHG�

δA ≡ nAdAk , δB ≡ nBdBk . ������

,W LV FRQYHQLHQW WR VHW WKH OD\HU WKLFNQHVV VR WKDW nAdA = nBdB ZKLFK OHDGV WR
δA = δB ≡ δ�

5HPDUN� $OO VFDWWHULQJ PDWUL[ EDVHG SORWV LQ WKLV FKDSWHU DQG RQ KDYH WKH VDPH
x�D[LV� δ/π = ndk = 2nd/λ� )RU VLPSOLFLW\� WKH D[LV WLWOH LV JLYHQ DV k�
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Quasi-periodic stack of dielectric layers of two types (nA,nB) 

Prologue Cut & Project and Windings Substitutions and Čech Bloch Thm Topo’cal Phase Transo Epilogue

How to Characterize Tilings – Structure?

Periodic Quasiperiodic Aperiodic

Fibonacci Thue-Morse
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Diffraction pattern - Structure
Topological crystallography?
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How to Characterize Tilings – Structure?

Diffraction (X -ray) pattern
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How to Characterize Tilings – Structure?

Periodic Quasiperiodic Aperiodic

Fibonacci Thue-Morse

Yaroslav Don Topology in Aperiodic Tilings & Fractals PhD Exam 4 / 80Existence of a Bragg peaks (PP) diffraction pattern is 
often unclear (e.g. Thue-Morse)
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Experimental Discordance

Reported diffraction peaks: q

q0
= k3 = 1

3
m

2N

In practice, indistinguishable with q

q0
= k5 = 1

5
m

2N up to �
�

q

q0

�
⇠ 1

200

F. Axel and H. Terauchi, Phys. Rev. Lett. 66, 2223–2226 (1991)
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How to Characterize Tilings – Spectrum?

Spectrum & Integrated Density of States
Solve a Hamiltonian H (E ) (Fibonacci)

H (x) = E  (x)

Find the spectrum:
dispersion E (k)
integrated density of states

H (E )!

(
% (E ) DOS
N (E ) IDOS

D. Tanese et al., Phys. Rev. Lett. 112, 146404 (2013)
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How to Characterize Tilings – Spectrum?

Periodic Quasiperiodic Aperiodic

Fibonacci Thue-Morse
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Scattering boundary conditions :

1

1

(b)

(a) iL

oL

oR

iR

)LJXUH ���� 7KH VFDWWHULQJ SUREOHP� �D� $ VNHWFK IRU WKH QRWDWLRQV RI LQFRPLQJ
DQG RXWJRLQJ ZDYHV� �E� 7KH DPSOLWXGH QRWDWLRQV IRU WZR SRVVLEOH H[SHULPHQWV�
LQFRPLQJ ZDYHV IURP WKH ULJKW RU IURP WKH OHIW�

7KH VFDWWHULQJ PDWUL[� WKHUHIRUH� FRQWDLQ WZR PDJQLWXGHV DQG WKUHH SKDVHV� (TXDWLRQ
����� LPSOLHV WKDW GHWS = −→r←−r −t2 = −t/t∗� 6LQFH S LV XQLWDU\� LW FDQ EH GLDJRQDOL]HG
E\ D XQLWDU\ WUDQVIRUPDWLRQ LQWR WKH GLDJRQDO IRUP FRQWDLQLQJ RQO\ WZR LQGHSHQGHQW
SKDVHV

(
eiΦ1 0

0 eiΦ2

)
. �����

'HILQLQJ WKH WRWDO SKDVH VKLIW� δ(k) ≡ (Φ1(k) + Φ2(k))/2� ZH WKHQ KDYH

GHWS(k) = e2iδ(k) = − t

t∗ . �����

)URP WKH GHILQLWLRQ RI WKH SKDVH RI WKH WUDQVPLVVLRQ DPSOLWXGH� t ≡ |t|ei θt � DQG IURP
������ ZH REWDLQ WKH UHODWLRQ δ(k) = θt(k)+π/2� $ VLPSOH DQG HOHJDQW UHODWLRQ H[LVWV
EHWZHHQ WKH SKDVH VKLIW δ(k) DQG WKH FKDQJH RI GHQVLW\ RI VWDWHV ρ(k)� VXFK WKDW

ρ(k)− ρ0(k) = 1

2π
,P

∂

∂k
OQ GHWS(k) , �����

ZKHUH ρ0(k) LV WKH GHQVLW\ RI VWDWHV IRU WKH IUHH V\VWHP� QDPHO\ ZLWK ]HUR SRWHQWLDO
IRU WKH 6FKU«GLQJHU HTXDWLRQ� RU ϵ(x) = ϵ0 IRU WKH +HOPKROW] HTXDWLRQ�

7KH VRXUFH RI VFDWWHULQJ LQ HLWKHU 6FKU«GLQJHU �RU +HOPKROW]� HTXDWLRQ LV WKH
YDU\LQJ SRWHQWLDO V (x) �RU WKH YDU\LQJ UHIUDFWLYH LQGH[ n(x)�� 6KRXOG LW YDQLVK �WKH
IUHH VSDFH FDVH�� WKH S�PDWUL[ UHGXFHV WR WKH LGHQWLW\� 1RZ DVVXPH WKDW WKH SRWHQWLDO
GHFUHDVHV IDVW HQRXJK VR WKDW ZH FDQ HQFORVH WKH VFDWWHULQJ V\VWHP LQVLGH D UHJLRQ
RI VL]H L� PXFK ODUJHU WKDQ WKH VXSSRUW RI WKH VFDWWHULQJ SRWHQWLDO �DV VRPH VRUW
RI ¾EODFN ER[¿�� :H WKHQ DSSO\ SHULRGLF ERXQGDU\ FRQGLWLRQV� ψ(0) = ψ(L) DQG
ψ′(0) = ψ′(L)� DW WKH ERXQGDU\ RI WKH ODUJH ER[� QRWLQJ WKDW IRU ODUJH HQRXJK L� WKH
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Prologue Cut & Project and Windings Substitutions and Čech Bloch Thm Topo’cal Phase Transo Epilogue

Correspondence between Structure and Spectrum?

Bloch theorem

Periodic case: we know the connection

finite # of peaks 1 to 1 �������!
correspondence

finite # of gaps

Aperiodic case: this is not necessarily true

We show that—at least for one family—there is a connection

Yaroslav Don Topology in Aperiodic Tilings & Fractals PhD Exam 7 / 80

Prologue Cut & Project and Windings Substitutions and Čech Bloch Thm Topo’cal Phase Transo Epilogue

Correspondence between Structure and Spectrum?

Bloch theorem

Periodic case: we know the connection

finite # of peaks 1 to 1 �������!
correspondence

finite # of gaps

Aperiodic case: this is not necessarily true

We show that—at least for one family—there is a connection

Yaroslav Don Topology in Aperiodic Tilings & Fractals PhD Exam 7 / 80

1. E. Akkermans, Y. Don, J. Rosenberg and C. L. Schochet, Relating Diffraction and Spectral Data of Aperiodic Tilings: Towards a Bloch 
theorem, J. Geom. Phys. 165, 104217 (2021).

https://www.sciencedirect.com/science/article/pii/S0393044021000681
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Correspondence between Structure and Spectrum?

Periodic Quasiperiodic Aperiodic

Fibonacci Thue-Morse
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Prologue Cut & Project and Windings Substitutions and Čech Bloch Thm Topo’cal Phase Transo Epilogue

Correspondence between Structure and Spectrum?

Aperiodic Aperiodic

Period Doubling Rudin-Shapiro
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Showing the connection -
Finding the tools to discriminate between tilings 

Prologue Cut & Project and Windings Substitutions and Čech Bloch Thm Topo’cal Phase Transo Epilogue

How to Quantify Different Families?

Give tools to quantify the difference between tilings

The tool: topological invariants
We use the Čech cohomology Ȟ

1

to calculate Bragg peaks

to compute topological numbers

to show correspondence

Topological invariants may incur topological phase transitions

Ȟ
1 has changed =) a transition has occurred

We show examples in Fractals and Random Tilings

Yaroslav Don Topology in Aperiodic Tilings & Fractals PhD Exam 9 / 80

1. E. Akkermans, Y. Don, J. Rosenberg and C. L. Schochet, Relating Diffraction and Spectral Data of Aperiodic Tilings: Towards a Bloch 
theorem, J. Geom. Phys. 165, 104217 (2021).

https://www.sciencedirect.com/science/article/pii/S0393044021000681
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Outline

1 Prologue

2 Cut and Project Tilings and Windings

3 Substitution Tilings and Čech Cohomology

4 Bloch Theorem for Aperiodic Tilings

5 Topological Phase Transitions
in Fractals and Random Tilings

6 Epilogue
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How to Construct Aperiodic Tilings?

Problem
How to tile a space without repeating a pattern indefinitely?

Solution
There are several methods

We start with the Cut and Project (C&P) scheme

Yaroslav Don Topology in Aperiodic Tilings & Fractals PhD Exam 13 / 80
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▪ The C&P method defines 
crystals and quasicrystals
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For a rational slope : periodic superlattice

▪ The C&P method defines 
crystals and quasicrystals.
▪ Rational slope

constxy � 3
2

B AA B AA B AA

Periodic 
superlattice

Cut and Project quasicrystals and the Fibonacci chain

For an irrational slope : quasi-periodic structure
▪ The C&P method defines 

crystals and quasicrystals.
▪ Rational slope
▪ Irrational slopes

▪ A famous C&P quasicrystal 
example –The Fibonacci chain.

Leonardo Pisano
(Fibonacci)

)51( ; 2
11 � � � WW constxy

ABB A A BB AAB A AA

Cut and Project quasicrystals and the Fibonacci chain

▪ The C&P method defines 
crystals and quasicrystals.
▪ Rational slope
▪ Irrational slopes
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example –The Fibonacci chain.

Leonardo Pisano
(Fibonacci)

)51( ; 2
11 � � � WW constxy

ABB A A BB AAB A AA

Cut and Project quasicrystals and the Fibonacci chain

y = τ −1x+const

τ =
1+ 5( )

2
golden mean



• Characteristic function

• Cut & Project 

Different ways to build tiling chains



 Characteristic function  

χn = sign cos 2πnτ −1+φ( )−cos π τ −1( )⎡⎣ ⎤⎦

▪ The C&P method defines 
crystals and quasicrystals.
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generated using:
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The angle     is a (legitimate) degree of freedom. φ

is known as a phasonφ
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Cut and Project quasicrystals and the Fibonacci chain

⇔FN φ( ) = χ1 χ2…χn…χN[ ]

τ = 5 +1
2 ≈1.62
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▪ A famous C&P quasicrystal 
example –The Fibonacci chain.

▪ The Fibonacci chain can 
generated using:
▪ C&P method
▪ Characteristic function

Leonardo Pisano
(Fibonacci)
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Cut and Project quasicrystals and the Fibonacci chain

⇔FN φ( ) = χ1 χ2…χn…χN[ ]

τ = 5 +1
2 ≈1.62
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Characteristic function

χn = sign cos 2πnτ −1+φ( )−cos π τ −1( )⎡⎣ ⎤⎦

φ    is an innocuous and thus 
     ignored modulation phase.

For an infinite Fibonacci chain : 
φ∞ = 3πσ = 3π τ −1

Define instead

C&P method

χn = sign cos 2πnτ −1+φ∞ + Δφ( )− cos πτ −1( )⎡⎣ ⎤⎦

Is it possible to give a meaning 
to the phase      within the C&P method ?Δφ

▪ The C&P method defines 
crystals and quasicrystals

constbxy � 

Cut and Project quasicrystals and the Fibonacci chain

y = τ −1x+const

τ =
1+ 5( )

2
golden mean
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Characteristic function

χn = sign cos 2πnτ −1+φ( )−cos π τ −1( )⎡⎣ ⎤⎦
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φ∞ = 3πσ = 3π τ −1

Define instead

C&P method

χn = sign cos 2πnτ −1+φ∞ + Δφ( )− cos πτ −1( )⎡⎣ ⎤⎦

Is it possible to give a meaning 
to       using the C&P method ?Δφ

▪ The C&P method defines 
crystals and quasicrystals

constbxy � 

Cut and Project quasicrystals and the Fibonacci chain

y = τ −1x+const

τ =
1+ 5( )

2
golden mean

    is an innocuous and thus 
     ignored modulation phase.

For an infinite Fibonacci chain : 
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Characteristic function

χn = sign cos 2πnτ −1+φ( )−cos π τ −1( )⎡⎣ ⎤⎦

φ

φ∞ = 3πσ = 3π τ −1

Define instead

C&P method

χn = sign cos 2πnτ −1+φ∞ + Δφ( )− cos πτ −1( )⎡⎣ ⎤⎦

▪ The C&P method defines 
crystals and quasicrystals

constbxy � 

Cut and Project quasicrystals and the Fibonacci chain

y = τ −1x+const

τ =
1+ 5( )

2
golden mean

Characteristic function C&P method

(Usually ignored)

� � � �> @11 cos2cos �� �� SWIWSF nsignn

:I The modulation phase

Cut and Project quasicrystals and the Fibonacci chain

In finite structures: 13 � SWIFibo

� � � �> @11 cos2cos �� �'�� SWIIWSF Fibon nsign
S
IW
2

1 '
� � xy

Each I yields a valid 
Fibonacci segmentWe understand the meaning of  Δφ

Δφ

    is an innocuous and thus 
     ignored modulation phase.

For an infinite Fibonacci chain : 

Is it possible to give a meaning 
to       using the C&P method ?Δφ



Meaning of the phason    : a gauge field φ



A gauge degree of  freedom

Introduction Theoretical Background Finite Quasiperiodic Sequences

Topology of Finite Sequences

Characteristic Function
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¸

Discrete Fourier transform w.r.t. n

g (›, „) =
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n=0
Ê

≠›n
‰ (n, „) , Ê = e

2fi i
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Structure factor S and phase ◊

S (›, „) = |g (›, „)|2 , ◊ (›, „) = arg g (›, fi)
Winding number at ›0

W›0 = 1
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ˆ 2fi

0

ˆ◊ (› = ›0, „)
ˆ„

d„

Appendix

Yaroslav Don Topological Properties of Quasiperiodic Tilings

φ

?



A gauge degree of  freedom

Introduction Theoretical Background Finite Quasiperiodic Sequences

Topology of Finite Sequences

Characteristic Function

Take a characteristic function
‰ (n, „) = sign

Ë
cos

1
2fin ⁄

≠1
1 + „

2
≠ cos

1
fi⁄

≠1
1

2È

with n = 0 . . . FN ≠ 1 and [0, 2fi] – „ æ „¸ = 2fi
FN

¸

Discrete Fourier transform w.r.t. n

g (›, „) =
FN≠1ÿ

n=0
Ê

≠›n
‰ (n, „) , Ê = e

2fi i
FN

Structure factor S and phase ◊

S (›, „) = |g (›, „)|2 , ◊ (›, „) = arg g (›, fi)
Winding number at ›0

W›0 = 1
2fi

ˆ 2fi

0

ˆ◊ (› = ›0, „)
ˆ„

d„

Appendix

Yaroslav Don Topological Properties of Quasiperiodic Tilings

φ

The chiral phase D

Sf
The chiral phase D of a finite chain

A finite segment of  size N

Length N
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Length N
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Structural consequences ?

▪ The C&P method defines 
crystals and quasicrystals.
▪ Rational slope
▪ Irrational slopes

▪ A famous C&P quasicrystal 
example –The Fibonacci chain.

▪ The Fibonacci chain can 
generated using:
▪ C&P method
▪ Characteristic function
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⇔FN φ( ) = χ1 χ2…χn…χN[ ]
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▪ The C&P method defines 
crystals and quasicrystals.
▪ Rational slope
▪ Irrational slopes

▪ A famous C&P quasicrystal 
example –The Fibonacci chain.
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generated using:
▪ C&P method
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⇔FN φ( ) = χ1 χ2…χn…χN[ ]
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Topology of Finite Sequences
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φ
π

Scanning        generates local structural changes. φ

A torus



FN φ( ) = χ1 χ2…χn…χN[ ]
How to generate the      unitary equivalents ?   FN

A torus

UHFLSURFDO ODWWLFH ZLWK UHVSHFW WR WKH (kx, kφ) D[HV LV VWLOO GHVFULEHG E\ WDQϕ� 7R EXLOG
WKH WRUXV 4%=N LQ WKH (kx, kφ) UHFLSURFDO VSDFH� ZH IROORZ WKH VDPH JXLGHOLQHV DV
WKH VWUXFWXUDO FR�QXPEHULQJ DSSURDFK �VHH ����� :H VHW DQ RULJLQ (kx, kφ) = (0, 0)

DW VRPH SRLQW DQG ODEHO WKHP ZLWK WKH ODWWLFH FRRUGLQDWHV >m = 0�n = 0@� 7KH
QH[W VWHS LV WR LGHQWLI\ WKH WKUHH RWKHU FRUQHUV RI WKH 4%=N � XVLQJ ������� WR EH
>m = ql�n = −pl@ ZKHUH (kx, kφ) = (ql FRVϕ + pl VLQϕ, 0)�>m = pl�n = ql@ ZKHUH
(kx, kφ) = (0, pl VLQϕ+ql FRVϕ)� DQG >m = ql+pl�n = ql−pl@ ZKHUH (kx, kφ) = (pl VLQϕ+
ql FRVϕ, pl VLQϕ + ql FRVϕ)� 7KHVH 4 SRLQWV GHILQH WKH WRUXV 4%=N DV UHSUHVHQWHG RQ
)LJ������ ,W H[DFWO\ HQFORVHV N SRLQWV�

(a) (b)
I

)LJXUH ����� 6WUXFWXUDO SURSHUWLHV RI WKH 2D VHW
{−→
F N (φ)

}
IRU N = 89� �D� 7KH

VWUXFWXUDO x − φ PDS FUHDWHG WKURXJK WKH &XW 	 3URMHFW PHWKRG IRUPV D WLOWHG 2D
FU\VWDO ZLWK D 2D XQLW FHOO LQGLFDWHG E\ UHG DQG EOXH VTXDUHV� 7KH IDFW WKDW pl : ql =
5 : 8 LV HDV\ WR GHGXFH� 7KLV PDS LV D WRUXV REWDLQHG E\ ZUDSSLQJ WKH PDS DORQJ
ERWK D[HV� VR WKDW WKH IRXU EOXH VTXDUHV FRLQFLGH� �E� $Q LOOXVWUDWLRQ RI WKH UHVXOWLQJ
WRUXV�

:H QRZ GLVFXVV WKH QRUPDOL]DWLRQ RI WKH UHFLSURFDO VSDFH WRUXV FRRUGLQDWHV� 7KH
kx FRRUGLQDWHV PD\ EH QRUPDOL]HG E\ (pl VLQϕ+ ql FRVϕ)−1 = 1/

√
p2l + q2l VR WKDW

kx ∈ [0, 1]� $IWHU WKLV QRUPDOL]DWLRQ� WKH N SRLQWV DW ZKLFK F (kx, kφ) ̸= 0 FRUUHVSRQG
WR DOO N SRVVLEOH �DSSUR[LPDWH� %UDJJ SHDNV YDOXHV kq� $V IRU QRUPDOL]DWLRQ DORQJ
WKH φ�D[LV� LW LV REWDLQHG IURP WKH UHFLSURFDO ODWWLFH SRLQW ZLWK kφ = δkφ� WKH VPDOOHVW
QRQ]HUR YDOXH RI kφ� 7KH �WRURLGDO� YHFWRU EHWZHHQ WKH RULJLQ DQG WKLV ODWWLFH SRLQW�
(δkx, δkφ)� LV LQVWUXPHQWDO WR ILQG DOO SRLQWV ZLWKLQ WKH 4%=N WRUXV DFFRUGLQJ WR WKH
FR�QXPEHULQJ DOJRULWKP �VHH ����� 7KH N SRLQWV DUH IRXQG WKURXJK WKH UHFXUUHQW
YHFWRULDO DGGLWLRQ �DQG ZLQGLQJ� RI WKLV YHFWRU VLPLODU WR WKH FR�QXPEHULQJ JHQHUDWRU
�VHH )LJ������� 7KLV VLQJOH IXQGDPHQWDO ODWWLFH SRLQW LV REWDLQHG XVLQJ RQH RI WKH WZR
WKH SUHGHFHVVRU DSSUR[LPDQWV RI WKH VORSH WDQϕ = pl/ql LQ ������ GHSHQGLQJ RQ WKH
SDULW\ RI l� 7KLV SRLQW KDV EHHQ SURYHQ LQ ��� XVLQJ WKH 9DMGD LGHQWLW\ >9DM��@� ,W LV
JLYHQ E\ WKH SRLQW [m = ql−1, n = −pl−1] IRU HYHQ l� RU WKH SRLQW [m = ql−2, n = −pl−2]

���
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Introduction Theoretical Background Finite Quasiperiodic Sequences

Topology of Finite Sequences
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φ

Are there spectral consequences 
of these structural properties ?

Almost No…



Atomic distributions - Structure factor 
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Introduction Theoretical Background Finite Quasiperiodic Sequences

Definitions

Atomic Distributions

Distributions of identical atoms in 1D

Use language of tilings: two tiles (letters) a and b

Distribution of letters underlies distribution of atoms
x0• a x1• b x2• b x3• a x4• b x5• a x6• b x7• . . .

Define atomic density

fl (x) =
ÿ

k

” (x ≠ xk)

with distances

”k = xk+1 ≠ xk =
I

da for a

db for b

Yaroslav Don Topological Properties of Quasiperiodic Tilings
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Introduction Theoretical Background Finite Quasiperiodic Sequences

Bragg Peaks – Di�raction Spectra

Definitions

The di�raction pattern of the infinite chain fl (x) =
q

k ” (x ≠ xk)
is given by

g (›) =
ˆ +Œ

≠Œ
dx fl (x) e≠i›x =

ÿ

k

e≠ i›xk

with structure factor
S (›) = |g (›)|2

Definition
Di�raction spectrum has a Bragg peak (atomic part) at ›B i�

›Bxc

cæŒ≠≠≠æ 0 (mod 2fi)

for {xc}Œ
c=1 µ {xk}Œ

k=1, so that g (›B) æ ” (› ≠ ›B)

Yaroslav Don Topological Properties of Quasiperiodic Tilings
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Bragg Peaks – Di�raction Spectra

Definitions
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q
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Yaroslav Don Topological Properties of Quasiperiodic Tilings
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Structure factor is      - independent φ

Introduction Theoretical Background Finite Quasiperiodic Sequences

Topology of Finite Sequences

Characteristic Function – Numerical Results

Yaroslav Don Topological Properties of Quasiperiodic Tilings
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usually disregarded
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Analysis of Windings II

For tilings of size dN , diffraction peaks are located at

⇠p,q = dNp + cNq

To each ⇠p,q define the winding
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We obtain integer windings
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` q + arg &0 =) W� [⇥] = q

These are topological numbers!
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A diffraction measurement of winding numbers

A. Dareau, E. Levy, F. Gerbier and J. Beugnon and E.A 2017

The modulation phase I
Sf

N=89
I =0

Figure 1: Experimental setup. (A) Sketch of the optical setup (28). A collimated laser beam at
a wavelength of 532 nm diffracts off a grating programmed on a Digital Mirror Device (DMD).
The far-field diffraction pattern is measured on a CCD camera. (B) When the grating is struc-
tured following a Fibonacci sequence along the horizontal x direction (and uniform along the
vertical y direction), we observe diffraction peaks characteristic of the quasi-periodic structure
of the chain.
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2D Diffraction experiment
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Prologue Cut & Project and Windings Substitutions and Čech Bloch Thm Topo’cal Phase Transo Epilogue

Spectral Features

So far, we presented structural features
culminating in topological winding numbers

What about spectral ones?
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Prologue Cut & Project and Windings Substitutions and Čech Bloch Thm Topo’cal Phase Transo Epilogue

How to Characterize Tilings – Spectrum?

Spectrum & Integrated Density of States
Solve a Hamiltonian H (E ) (Fibonacci)

H (x) = E  (x)

Find the spectrum:
dispersion E (k)
integrated density of states

H (E )!

(
% (E ) DOS
N (E ) IDOS

D. Tanese et al., Phys. Rev. Lett. 112, 146404 (2013)
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Introduction Theoretical Background Finite Quasiperiodic Sequences

Gap Labeling Theorem

Scattering Matrix Formalism I

Take 1D wave system of size L bounded by two semi-infinite
free systems
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Introduction Theoretical Background Finite Quasiperiodic Sequences

Gap Labeling Theorem

Scattering Matrix Formalism II

The S-matrix is diagonalized to

S ‘æ
A

e i„1 0
0 e i„2

B

∆ det S = e2 i”(k)

with ” (k) = 1
2 („1 (k) + „2 (k))

Find density of modes with Krein-Schwinger formula4,

Í (k) ≠ Í0 (k) = 1
2fi

Im d
dk

ln det S (k)

With N =
´

k
Í (k Õ) dk

Õ obtain

N (k) ≠ N0 (k) = ” (k)
fi

4E. Akkermans et al., in Optics of aperiodic structures: fundamentals and device applications, edited by L. Dal
Negro (Pan Stanford Publishing, 2014), pp. 407–449.
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G. Dunne, E. Levy, E.A.,”Optics of Aperiodic Structures: Fundamentals and Device Applications”,  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Prologue Cut & Project and Windings Substitutions and Čech Bloch Thm Topo’cal Phase Transo Epilogue

Scattering Setup I

Consider a scattering setup (built with the same �)

�
~o
~o

�
= S (⌫,�)

�
~ı
~ı

�

The normalized IDOS is given by

N (⌫)�N0 (⌫) =
1
2⇡

Im log detS (⌫,�)

independent of �

For C&P, gaps appear at

Ngap = p + q s (mod 1)

this is the GLT
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Topological quasicrystals spectra
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Prologue Cut & Project and Windings Substitutions and Čech Bloch Thm Topo’cal Phase Transo Epilogue

Scattering Setup II

The S -matrix is a 2⇥ 2 unitary matrix (in 1d) : S ⇠
✓
ei�1 0
0 ei�2

◆

Uniquely identified by 2 phases
That can be written universally

1 A �-independent spectral total phase shift

� (⌫) = 1
2 (�1 + �2) =

1
2 Im log detS (⌫,�)

with N (⌫)�N0 (⌫) =
1
⇡� (⌫)

2 A �-dependent spectral chiral phase by

↵ (⌫gap,�) = �1 � �2 = ImTr [�z logS (⌫gap,�)]

Where there is a �-dependent phase – there is a winding!
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Prologue Cut & Project and Windings Substitutions and Čech Bloch Thm Topo’cal Phase Transo Epilogue

Spectral Winding

To each gap Ngap = q s (mod 1), count the winding

W� [↵] =
1
2⇡

Z 2⇡

0

@↵ (⌫gap,�)

@�
d�

Numerical calculation yields

W� [↵] = 2q
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Prologue Cut & Project and Windings Substitutions and Čech Bloch Thm Topo’cal Phase Transo Epilogue

IDOS and Chiral Phase (Fibonacci)
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Measurement using cavity polaritons

F. Baboux, E. Levy, J. Bloch, E.A, 2017
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Experimental Connection
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(a) IDOS for �5 with FN = 89. (b) IDOS for �3 with FN = 89.

Figure 3.3: Integrated density of states for the squared Fibonacci substitutions using
sca�ering matrix with (nA,nB ) = (1, 1.62) and (dA,dB ) = (1.62, 1). �e wavenumber
� is the normalized wavevector k .

3.2.2 Introducing the Phason

Next, we introduce the aperiodicity to the system. Consider the sequence s0 (n) con-
sisting of le�ers {A,B}. Construct the system by pu�ing alternating dielectric slabs
of refractive index nA/B and width dA/B in the order set by s0 (n). We extract the
topological behavior by comparing di�erent sequences s (n).

Take the substitutions �5 and �3 as in (3.1). �eir (traces of the) gap-labeling
groups are given by [11, 18]

�⇤
�
K0

�
��5

� �
� Z � � 2Z \ [0, 1) , �⇤

�
K0

�
��3

� �
�

1
5
�
Z � � 2Z

�
\ [0, 1) , (3.14)

so that the gaps lie on

N
�5
gap =

�
p + � 2q

�
\ [0, 1) , N

�3
gap =

p + � 2q

5
\ [0, 1) . (3.15)

�e results are clearly visible in Figure 3.3.
Consider now the sequences s` (n) ⌘ �1 (n, `). �e index ` infers the phason

�` = 2�`/FN . Since both �5 and �3 have the sameM1 matrix (3.2), they have the same
FN numbers, so that �1 is constructed by the same rule. �is is a naı̈ve approach,
since �3 is not C&P—as seen in Figures 3.1 and (3.2)—but it is the best we have for
now. �us, one can build the �-dependent sca�ering matrix S (k,�).

Extracting the phason information fromS (k,�) requires some juggling. Since the
total phase shi� � (k) is �-independent, one needs to inspect the chiral phase [4, 16],

� (k,�) = Æ� (k,�) � Æ� (k,�) . (3.16)

�is phase winds exactly 2q times as seen in Figure 3.4,

W�g =
1
2�

ˆ 2�

0

@�
�
k = kp,q ,�

�
@�

d� = 2q, (3.17)

wherekp,q is thewavevector corresponding to the (p,q)-th gap. Unfortunately, � (k,�)
is hard to measure. One resorts to the following trick.

Take a sequence s (n) and concatenate it to a �ipped sequence s (�n) thus creating
 !s = [s (n) s (�n)]. �is generalized mirror procedure creates an edge-state inside the
gaps so that

 !� (k,�) = � (k) + �es (k,�) . (3.18)

20

Winding number at a spectral gap 
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Figure 3.4: Chiral phase for the Fibonacci substitution with FN = 233 using sca�ering
matrix with (nA,nB ) = (1, 1.15) and (dA,dB ) = (1.15, 1). �e wavenumber � is the
normalized wavevector k .

Table 3.1: Number of edge-state windings in �3 for the gaps N�3
4,�1 and N

�3
�10,5.

N 3 4 5 6
FN 13 34 89 233

W4,�1 1 �4 9 �25
W�10,5 2 2 2 2

Here, � (k) is the density of states of a single sequence s (n), and �es (k,�) are the
additional edge-states inside the gaps implicitly given by

�es (k,�) =
X

� �
�
k � k� (�)

�
, (3.19)

with the sum on the gaps.
In quasiperiodic C&P sequences, the edge-state k� of each gap with label (p,q)

winds exactly 2q times inside the gap as the phason changes � = 0 . . . 2� [16],

WC&P
�
k� (p,q)

�
= 2q. (3.20)

In other words, �es (k,�) is related to � (k,�) in C&P tilings. �is is the case for �5 as
seen in Figure 3.5a.

In non-C&P sequences, however, this is not the case, as seen in Figure 3.5b. For in-
stance, the edge-state of theN�3

4,�1 =
�
4 � 1 · � 2

�
/5 gap in �3 winds 9 times. Moreover,

the winding number for each gap changes with N , as summarized in Table 3.1.

(a) Winding of gap states for �5 with FN = 89. (b) Winding of gap states for �3 with FN = 89.

Figure 3.5: �e density of states � (� ,�) in a logarithmic scale showing the wind-
ing of gap states for the squared Fibonacci substitutions using sca�ering matrix with
(nA,nB ) = (1, 1.15) and (dA,dB ) = (1.15, 1).

21
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Figure 3.4: Chiral phase for the Fibonacci substitution with FN = 233 using sca�ering
matrix with (nA,nB ) = (1, 1.15) and (dA,dB ) = (1.15, 1). �e wavenumber � is the
normalized wavevector k .
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21

These two phases are identical !



• The Structural  phase

!82

In case you are not yet convinced…

Introduction Theoretical Background Finite Quasiperiodic Sequences

Topology of Finite Sequences

Analysis IV

Corollary
For any ›q = qFN≠1 one has the (discrete) winding

� (›q) = 2fi
FN

¸ q ∆ W›q
= q.

Corollary
This Wq = q is the same as in the GLT Np,q = p + q ⁄1
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This establishes a relation between 

structure and spectrum. 

A Bloch theorem for aperiodic tilings  

2

scattering phase shift �(E) = Im log detS (E), allows to
determine the counting function, N (E) = �(E)/⇡ [25]
(see Appendix D2); the chiral phase [26, 27],

⇥S (E) = ImTr [�z logS (E)] , (1)

where �z = diag
�
1 �1

�
is the Pauli matrix, has interest-

ing topological features as we shall show. It is the second
relevant phase we consider to account for SpD.
Slava: Consider renaming ⇥d and ⇥S .

We show that the (integer) winding numbers W� [⇥d]
and W� [⇥S ] w.r.t an angular variable � (defined below)
of the two phases ⇥d and ⇥S are topologically meaningful
and result from a topological invariant of the tiling, its
Čech cohomology group Ȟ1, a quantity we show how to
calculate systematically. These results are general, but to
unveil their physical meaning, we start with the simpler
case of 1D quasicrystals. Rediscovering well established
results using a new approach should not hinder that it is
applicable far more generally as we shall see.

A commonly accepted view of a quasicrystal in dimen-
sion D is modeled as a section of a periodic lattice (crys-
tal) in an n-dimensional superspace Rn, with n > D. We
have the decomposition Rn = Ek �E?, where Ek is the
D-dimensional physical space in which the structure is
embedded, whereas E? is an (n�D)-dimensional internal
space. This setting is usually implemented for the useful
Cut & Project algorithm (hereafter C&P) [1, 28–30]. For
a 1D-quasi-periodic tiling, the superspace is the square
lattice Z2 and the physical space is the line Ek making a
tilt angle ✓ with the horizontal axis. An irrational slope
s = 1/(1+ cot ✓) leads to a quasiperiodic tiling, while an
irreducible rational s = p/q, corresponds to a periodic
structure with q atoms in a cell. A celebrated example
of 1D quasicrystal is the Fibonacci sequence obtained for
the irrational slope s = ⌧�1 = 2/(1 +

p
5). The location

of the cut-line in the E? direction (see Appendix A1) is
an additional degree of freedom � 2 [0, 2⇡] called phason.

A convenient way to describe finite tilings is to expand
the slope s as a continued fraction cN/dN

N!1����! s (see
Appendix A2) so that the phason becomes discrete, � !
�` = 2⇡`/dN with ` = 0 . . . dN � 1. The number of
distinct words, i.e. finite tilings, of size n is n+1 [31, 32]
and for the N -th approximation (n = dN ), there are dN
words, which are mutual cyclic permutations. Consider
a representative word w0 from the mutually-cyclic ones,
and define the dN ⇥ dN characteristic function

⌃1 (n, `) = T m(`) [w0 (n)] , (2)

with m (`) = ` c�1
N

(mod dN ), and T [w0 (n)] =
w0 (n+ 1) the translation operator with periodic bound-
ary conditions in both n and ` directions. Thus, all the
rows of ⌃1 are cyclic permutations of each other. Hence,
⌃1 is a torus (see Fig. 1) whose discrete Fourier transform

Figure 1. The characteristic function ⌃1 for the Fibonacci
sequence with dN = 89. The A (B) tiles with ⌃1 = +1 (�1)
are drawn in yellow (blue). Each row represents a sequence.

about n is

GN (⇠, `) =
dN�1X

n=0

!�⇠n ⌃1 (n, `) = !m(`)⇠ &0 (⇠) , (3)

where ! = exp (2⇡ i/dN ), and &0 (⇠) is the Fourier
transform of w0 (n). The structure factor SN (⇠,�) =
|&0 (⇠)|2 is �-independent. However, the structural phase
⇥d (⇠, `) = argGN (⇠, `) reads

⇥d (⇠, `) = �` ⇠/cN + ↵0 (⇠) (mod 2⇡). (4)

where ↵0 (⇠) = arg &0 (⇠) is �-independent. Thus, for any
diffraction (discrete Bragg) peak ⇠p,q = qcN the winding
number is W� [⇥d (⇠p,q,�)] = q as displayed in Fig. 2a.

Next, we turn to the spectral part and consider the �-
dependent scattering matrix S (E,�) and, from (1), the
corresponding phase ⇥S (E,�) which winds inside a gap
as [20] W� [⇥S (Eg,�)] = 2q, as obtained numerically in
Fig. 2b. The winding numbers of the two phases, struc-
tural and spectral, thus fulfill

2W� [⇥d] = W� [⇥S ] = 2q. (5)

The integer q also appears in the structure factor S (k)
and the counting function N (Eg) in the gaps [10], since
both the positions kb/k0 of the properly normalized and
infinite countable set of Bragg peaks [1] and the gap lo-
cations in the energy spectrum are related to the slope s
by

kb/k0 = p+ qs = N (Eg) , p, q 2 Z. (6)

This one-to-one correspondence between Bragg peaks
and spectral gap locations is not coincidental, it rather
reflects the equivalence between structural and spectral
data of C&P 1D tilings. The meaning of the integer q
as a common winding number constitutes one important
result of this letter and an obvious appeal to topology.

Note that (5) does not yet provide a clear connection to
topological quantities nor a systematic procedure to cal-
culate them akin to Chern numbers and Berry curvature
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C&P Tilings Revisited

This can be summarized into the following (commutative) diagram

Structure Spectrum

Z ⇠=W� [⇥]
OO

oo

!⇠= W� [↵] ⇠= Z
OO

Z2 ⇠= Ȟ
1
C&P

⌧ Ȟ
⇤
✏✏

oo K
C&P
0

⇠= Z� Z

⌧K
⇤
✏✏

Z� sZ oo
=
// Z� sZ

YD and E. Akkermans (in preparation)
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Čech Cohomology – Introduction

There is a topological content
independent of �

Our topological invariant has a name: the Čech Cohomology Ȟ
1

Computable for many different tilings
Distinguishes between families

Family Ȟ
1 Diffraction peaks Gap labeling

Periodic Z kb = n/2 Ng = 1/2

Quasiperiodic Z2
kb = p + q %b Ng = q %b

Thue-Morse Z� Z
h1
2

i
kb =

1
2n + 1

m

2N
Ng =

1
3

m

2N
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Outline

1 Prologue

2 Cut and Project Tilings and Windings

3 Substitution Tilings and Čech Cohomology

4 Bloch Theorem for Aperiodic Tilings

5 Topological Phase Transitions
in Fractals and Random Tilings

6 Epilogue
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Deterministic Building of Aperiodic Tilings

Periodic

A simple rule:

(
� (a) = ab

� (b) = ab

1 Resulting in. . .
a 7! ab 7! abab 7!

abab abab 7!
abab abab abab abab 7! · · ·

Fibonacci

A simple rule:

(
� (a) = ab

� (b) = a

1 Resulting in. . .
a 7! ab 7! aba 7!

abaab 7! abaab aba 7!
abaab aba abaab 7! · · ·
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Introduction Theoretical Background Finite Quasiperiodic Sequences

Substitutions

Substitutions – Definitions

Define substitution rules by
I

‡ (a) = a
–
b

— … a ‘æ a
–
b

—

‡ (b) = a
“
b

” … b ‘æ a
“
b

”

with –, —, “, ” Ø 0.
Acting on a word w = ¸1¸2 . . . ¸k is a concatenation

‡ (w) = ‡ (¸1) ‡ (¸2) . . . ‡ (¸k)
Associated occurrence matrix

M =
A

– —

“ ”

B

Consider only primitive matrices (substitutions)
÷N0 such that ’N > N0 all entries of M

N are strictly positive
Largest eigenvalue ⁄1 > 1 (Perron-Frobenius)
Left and right first eigenvectors are strictly positive

Yaroslav Don Topological Properties of Quasiperiodic Tilings
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Examples

Name Rule M �⇤

Periodic a 7! ab b 7! ab ( 1 1
1 1 ) 2

Thue-Morse a 7! ab b 7! ba ( 1 1
1 1 ) 2

Fibonacci a 7! ab b 7! a ( 1 1
1 0 ) ⌧ =

p
5+1
2

Fibonacci² a 7! aab b 7! ab ( 2 1
1 1 ) ⌧2

Non-Fibonacci² a 7! aab b 7! ba ( 2 1
1 1 ) ⌧2

Representatives of 3 families:
1 Periodic 2 Quasiperiodic 3 Aperiodic

Yaroslav Don Topology in Aperiodic Tilings & Fractals PhD Exam 39 / 80
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Occurrence Matrix M

What can be done?
Gap labeling Thm.

What cannot be done?
Diffraction
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Čech Cohomology – Introduction

There is a topological content
independent of �

Our topological invariant has a name: the Čech Cohomology Ȟ
1

Computable for many different tilings
Distinguishes between families

Family Ȟ
1 Diffraction peaks Gap labeling

Periodic Z kb = n/2 Ng = 1/2

Quasiperiodic Z2
kb = p + q %b Ng = q %b

Thue-Morse Z� Z
h1
2

i
kb =

1
2n + 1

m

2N
Ng =

1
3

m

2N

How to calculate the Čech Cohomology Ȟ
1?
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Supertiles (1D)

Infinite tiling: w1 = �1 (a)

Supertiles (words): �n = {w 2 w1 | |w | = n}
Supertile rule: �n : �n ! �Nn Calculation of �n

Occurrence mat.: Mn (all with the same �⇤)

Example: Fibonacci, n = 2

�1 = {a, b} �2 = {A,B,C} = {aa, ab, ba}

�1 =
�

a 7! ab

b 7! a
�2 =

n
A 7! BC

B 7! BC

C 7! A

M1 = ( 1 1
1 0 ) M2 =

⇣
0 1 1
0 1 1
1 0 0

⌘

w
(1)
1 = abaab aba abaab w

(2)
1 = BCABC BCA BCABC

Yaroslav Don Topology in Aperiodic Tilings & Fractals PhD Exam 41 / 80
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Bratteli Diagrams

Shift-maps �n (Li) = Lj if LiLj exists in w
(n)
1

Representation by planar graphs Gn

(called Bratteli diagrams)

G
Fib
1 = a

ab

**

aa
99

b

ba

jj

G
Fib
2 = aa

aab

⌃⌃

ab

aba
++

ba

baa

hh

bab

kk
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3.1. M����������� B��������� 35

such as quasiperiodic tilings, in general it misses some of the structure. For example,
the Thue-Morse tiling has �̌ 1 � Z � Z

⇥ 1
2
⇤
for the full tiling, but only the Z

⇥ 1
2
⇤
part

if calculated with ⌧0 only [52] (cf. Section 3.1.4.2 below).
The in�ation f¢ on �̌ ⇤ (⌦) is represented by �T

1 modulo the eigenvalues of �T
0 .

Thus, we need to inspect the characteristic polynomials

@1 (G)
@0 (G)

⌘
det

�
�G ��T

1
�

det
�
�G ��T

0
� . (3.21)

Letting I = G�1 and inverting the last equation, we obtain the Z -function of [45, 62, 63],

Z (I) =
det

�
� � I�T

0
�

det
�
� � I�T

1
� ⌘ ?0 (I)

?1 (I)
. (3.22)

with the polynomials ?0 = 1�I, and ?1 reduced so that 1�I remains in the numerator
of (3.22).

The Čech cohomology can be deduced from ?: (I) by decomposing it to its irre-
ducible components over the integers. Namely, if

?: (I) =
�Y

8=1
(1 � 28I)

�Y
9=1

�
1 � 3 9I � 4 9I

2� , (3.23)

with 28 ,3 9 , 4 9 2 Z, then

�̌: �
�M

8=1
Z
⇥
1/28

⇤
�

�M
9=1
Z2 ⇥1/4 9 ⇤

= Z
⇥
2�11

⇤
� · · · � Z

⇥
2�1�

⇤
� Z2 ⇥4�11 ⇤

� · · · � Z
⇥
4�1�

⇤
,

(3.24)

with Z [1/2] = {=/2< | =,< 2 Z} the ring Z with 1/2 adjoined. Irreducible polynomi-
als of higher orders are naturally generalized.

Example. In the Fibonacci substitution, ⌧Fib
2 and f

�
⌧Fib
2

�
read,

��
��⌫

⇧⇧

�⌫
�⌫�

,,

⌫�

⌫��
hh

⌫�⌫

ll

f7�!

�⌫�⌫�
⇤⇤

⌫�
⌫�⌫

  

⌫�
⌫�� &&

�⌫
�⌫�

//

��

��⌫

ii

��⌫

ll

(3.25)

Comparing ⌧Fib
2 with f

�
⌧Fib
2

�
allows us to write the in�ation matrices for edges �T

1
and nodes �T

0 [45],

�T
1 =

©≠≠≠
´

0 1 0 1
0 1 1 0
1 0 0 0
1 0 0 0

™ÆÆÆ
¨
, �T

0 = ©≠
´
0 1 0
0 1 0
1 0 0

™Æ
¨
. (3.26)

Therefore,
ZFib (I) =

1 � I

1 � I � I2
, (3.27)

so that

�̌ 0
Fib � Z (3.28a)

�̌ 1
Fib � Z

2. (3.28b)
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Comparing ⌧Fib
2 with f
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�
allows us to write the in�ation matrices for edges �T

1
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Therefore,
ZFib (I) =

1 � I

1 � I � I2
, (3.27)

so that

�̌ 0
Fib � Z (3.28a)
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such as quasiperiodic tilings, in general it misses some of the structure. For example,
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2
⇤
part

if calculated with ⌧0 only [52] (cf. Section 3.1.4.2 below).
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Čech Cohomology – Introduction

There is a topological content
independent of �

Our topological invariant has a name: the Čech Cohomology Ȟ
1

Computable for many different tilings
Distinguishes between families

Family Ȟ
1 Diffraction peaks Gap labeling

Periodic Z kb = n/2 Ng = 1/2

Quasiperiodic Z2
kb = p + q %b Ng = q %b

Thue-Morse Z� Z
h1
2

i
kb =

1
2n + 1

m

2N
Ng =

1
3

m

2N

How to calculate the Čech Cohomology Ȟ
1?
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1 Diffraction peaks Gap labeling

Periodic Z kb = n/2 Ng = 1/2

Quasiperiodic Z2
kb = p + q %b Ng = q %b

Thue-Morse Z� Z
h1
2

i
kb =

1
2n + 1

m

2N
Ng =

1
3

m

2N

How to calculate the Čech Cohomology Ȟ
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Gap Labeling Theorem

In 1D aperiodic substitutions, the possible gaps are

Ngap 2 ⌧K

⇤ [K0 (B)]

Explicitly (k ,N 2 N),

Ngap =
1
a

k

�N
⇤

(mod 1)

The normalization factor a is inferred by v⇤, v
(2)
⇤

In C&P tilings (p, q 2 Z)

Ngap = p + q s (mod 1)

J. Bellissard, A. Bovier, J.-M. Ghez, Rev. Mod. Phys. 04, 01 (1992)
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Outline

1 Prologue

2 Cut and Project Tilings and Windings

3 Substitution Tilings and Čech Cohomology

4 Bloch Theorem for Aperiodic Tilings

5 Topological Phase Transitions
in Fractals and Random Tilings

6 Epilogue
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C&P Tilings Revisited

Symmetry: kb = p + q s = N (Eg)
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C&P Tilings Revisited

Windings: 2W� [⇥] = 2q =W� [↵]
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C&P Tilings Revisited

This can be summarized into the following (commutative) diagram

Structure Spectrum

Z ⇠=W� [⇥]
OO

oo

!⇠= W� [↵] ⇠= Z
OO

Z2 ⇠= Ȟ
1
C&P

⌧ Ȟ
⇤
✏✏

oo K
C&P
0

⇠= Z� Z

⌧K
⇤
✏✏

Z� sZ oo
=
// Z� sZ

YD and E. Akkermans (in preparation)
Yaroslav Don Topology in Aperiodic Tilings & Fractals PhD Exam 55 / 80
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General Tilings

Theorem (Generalized Bloch)
For finite local complexity tilings with finitely many tile orientations, the

following diagram commutes in dimensions D  3

Ȟ
1

⌧ Ȟ
⇤
✏✏

oo K0

⌧K
⇤
✏✏

R oo
id
// R

FLC Tilings

E. Akkermans, YD, J. Rosenberg, and C. L. Schochet,
arXiv:2007.15961 [math-ph], (2020)

Yaroslav Don Topology in Aperiodic Tilings & Fractals PhD Exam 56 / 80

1. E. Akkermans, Y. Don, J. Rosenberg and C. L. Schochet, Relating Diffraction and Spectral Data of Aperiodic Tilings: Towards a Bloch 
theorem, J. Geom. Phys. 165, 104217 (2021).

https://www.sciencedirect.com/science/article/pii/S0393044021000681
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Implications

Since the traces ⌧ Ȟ
⇤
�
Ȟ

1� and ⌧K
⇤ (K0) commute,

Ȟ
1 represents both spectral and structural properties

recall ⌧K

⇤ (K0) is the GLT

The trace ⌧ Ȟ
⇤
�
Ȟ

1�
does not describe diffraction S (k)

except when S (k) consists of Bragg peaks only
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Generalized Bloch – Summary

Family Ȟ
1 Diffraction peaks ⌧ Ȟ

⇤
�
Ȟ

1� Spectral
Gaps

Periodic Z kn = n PP Z N = const

Fibonacci Z2
kp,q = p + q/⌧ PP Z+ ⌧�1Z Nq = q/⌧

Thue-
Morse Z� Z

⇥ 1
2

⇤
kn,m,N =

1
2n + 1

m

2N
SC+PP 1

3 Z
⇥ 1

2

⇤
Nm,N =

1
3

m

2N

Period
Doubling Z� Z

⇥ 1
2

⇤
km,N =

m

2N
PP 1

3 Z
⇥ 1

2

⇤
Nm,N =

1
3

m

2N

Rudin-
Shapiro Z�Z

⇥ 1
2

⇤
�Z2⇥ 1

2

⇤
N/A AC Z

⇥ 1
2

⇤
Nm,N =

m

2N
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Outline

1 Prologue

2 Cut and Project Tilings and Windings

3 Substitution Tilings and Čech Cohomology

4 Bloch Theorem for Aperiodic Tilings

5 Topological Phase Transitions
in Fractals and Random Tilings

6 Epilogue
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Summary I

C&P tilings exhibit topological content by winding numbers
a diff. peaks and spectral gaps are analogous: kb = p + q s = N (⌫g)
b structural and spectral windings are related: 2W� [⇥] = 2q =W� [↵]
c verified experimentally

Aperiodic tilings are fully characterized by a topological invariant –
the Čech cohomology Ȟ

1

a the right mathematical tool to answer physical questions
b allowing to: characterize tilings and count tiles; enumerate Bragg

peaks; label spectral gaps

The Bloch theorem is generalized to FLC tilings by Ȟ
1

a highlights the connection b/w structural & spectral features of tilings
b furthermore, for C&P tilings, relates structural and spectral windings
c for non-C&P tilings, ⌧ Ȟ

⇤
�
Ȟ

1
�

is unrelated to diffraction S (k)

YD and E. Akkermans (in preparation)

E. Akkermans, YD, J. Rosenberg, and C. L. Schochet, arXiv:2007.15961 [math-ph], (2020)
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Summary II

A new description of diffraction using Bratteli diagrams
a Can be calculated for tilings with Bragg diffraction spectrum
b Closely related to windings on Bratteli diagrams

Diffraction of Thue-Morse tiling is carefully analyzed
a Characterization of peaks by their growth rate
b Inconclusive experimental results

Innovative portrayal of fractals employing tilings and substitutions
a Novel Gap Labeling Conjecture for fractals is presented

Topological phase transitions are found
a By flux in fractals
b By random substitution rules

YD and E. Akkermans (in preparation)
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Prospect

Future
Bloch Theorem

Extend to include windings
Explore in dimensions � 4

Windings
Identify the topological numbers for all 1D tilings
Explore in 2D and 3D

Calculate diffraction S (k) using Bratteli diagrams
for all 1D tilings
extend to 2D and beyond

Fractals
Prove the Gap Labeling Conjecture
Identify the proper Ȟ

1
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1

Yaroslav Don Topology in Aperiodic Tilings & Fractals PhD Exam 79 / 80



Name Substitution Substitution on Doublets Self Properties Cohomology Zeta Function Gap Labeling Theorem Properties
Rule ‡1 Occurrence M1 Rule ‡2 Occurrence M2 Eigenvalue Char. Polynomial H

0
(G) H

1
(G) ’(z) Pisot char. Periodicity

Fibonacci 0 ‘æ 01
1 ‘æ 0 ( 1 1

1 0 )
a ‘æ bc
b ‘æ bc
c ‘æ a

1 0 1 1
0 1 1
1 0 0

2
· ⁄

2 ≠ ⁄ ≠ 1 = 0 Z1 Z2 1 ≠ z

1 ≠ z ≠ z2 p + q · · p, q œ Z Pisot quasiperiodic

Cantor Set 0 ‘æ 010
1 ‘æ 111 ( 2 1

0 3 )
a ‘æ aba
b ‘æ ccb
c ‘æ ccc

1 2 1 0
0 1 2
0 0 3

2
3 ⁄

2 ≠ 5⁄ + 6 = 0 Z1 Z3 1 ≠ z

(1 ≠ 2z) (1 ≠ 3z)

k

3N
k, N œ Z not primitive limit-quasiperiodic

Non-Pisot 0 ‘æ 0001
1 ‘æ 011 ( 3 1

1 2 )

a ‘æ aabc
b ‘æ aabc
c ‘æ bdc
d ‘æ bdc

3 2 1 1 0
2 1 1 0
0 1 1 1
0 1 1 1

4
· + 2 ⁄

2 ≠ 5⁄ + 5 = 0 Z1 Z3 1 ≠ z

1 ≠ 5z + 5z2
p + q · ·

5N
p, q, N œ Z non-Pisot limit-quasiperiodic

Periodic 0 ‘æ 01
1 ‘æ 01 ( 1 1

1 1 ) a ‘æ ab
b ‘æ ab ( 1 1

1 1 ) 2 ⁄
2 ≠ 2⁄ = 0 Z1 Z1 1 ≠ z

1 ≠ 2z

k

2
k œ Z Pisot periodic

Thue-Morse 0 ‘æ 01
1 ‘æ 10 ( 1 1

1 1 )

a ‘æ bc
b ‘æ bd
c ‘æ ca
d ‘æ cb

3 0 1 1 0
0 1 0 1
1 0 1 0
0 1 1 0

4
2 ⁄

2 ≠ 2⁄ = 0 Z1 Z3 1 ≠ z

(1 ≠ 2z) (1 + z)

k

3 · 2N
k, N œ Z Pisot aperiodic

SierpiÒski 0 ‘æ 01010
1 ‘æ 11 ( 3 2

0 2 )
a ‘æ ababa
b ‘æ cb
c ‘æ cc

1 3 2 0
0 1 1
0 0 2

2
3 ⁄

2 ≠ 5⁄ + 6 = 0 Z1 Z4 1 ≠ z

(1 ≠ 2z) (1 ≠ 3z)

k

3N
k, N œ Z not primitive limit-quasiperiodic

Degen. SierpiÒski 0 ‘æ 0001
1 ‘æ 1112
2 ‘æ 1112

1 3 1 0
0 3 1
0 3 1

2
a ‘æ aabc
b ‘æ aabd
c ‘æ ddef
d ‘æ ddeg
e ‘æ ddeg
f ‘æ ddef
g ‘æ ddeg

Q

ca

2 1 1 0 0 0 0
2 1 0 1 0 0 0
0 0 0 2 1 1 0
0 0 0 2 1 0 1
0 0 0 2 1 0 1
0 0 0 2 1 1 0
0 0 0 2 1 0 1

R

db 4 ⁄
3 ≠ 7⁄

2
+ 12⁄ = 0 Z1 Z3 1 ≠ z

(1 ≠ 3z) (1 ≠ 4z)

k

4N
k, N œ Z not primitive aperiodic

Period Doubling 0 ‘æ 01
1 ‘æ 00 ( 1 1

2 0 )
a ‘æ bc
b ‘æ bc
c ‘æ aa

1 0 1 1
0 1 1
2 0 0

2
2 ⁄

2 ≠ ⁄ ≠ 2 = 0 Z1 Z3 1 ≠ z

(1 ≠ 2z) (1 + z)

k

3 · 2N
k, N œ Z non-Pisot limit-quasiperiodic

Circle Sequence 0 ‘æ 202
1 ‘æ 02202
2 ‘æ 01202

1 1 0 2
2 0 3
2 1 2

2 a ‘æ dbd
b ‘æ dbd
c ‘æ bedbd
d ‘æ acdbe
e ‘æ acdbd

A 0 1 0 2 0
0 1 0 2 0
0 2 0 2 1
1 1 1 1 1
1 1 1 2 0

B
·

3
⁄

3 ≠ 3⁄
2 ≠ 5⁄ ≠ 1 = 0 Z1 Z3 1 ≠ z

(1 + z) (1 ≠ 4z ≠ z2)

1

2
(p + q · ·) p, q œ Z Pisot quasiperiodic

Rudin-Shapiro
0 ‘æ 02
1 ‘æ 32
2 ‘æ 01
3 ‘æ 31

3 1 0 1 0
0 0 1 1
1 1 0 0
0 1 0 1

4
a ‘æ bf
b ‘æ be
c ‘æ he
d ‘æ hf
e ‘æ ac
f ‘æ ad
g ‘æ gd
h ‘æ gc

Q

ca

0 1 0 0 0 1 0 0
0 1 0 0 1 0 0 0
0 0 0 0 1 0 0 1
0 0 0 0 0 1 0 1
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
0 0 0 1 0 0 1 0
0 0 1 0 0 0 1 0

R

db 2 ⁄
4 ≠ 2⁄

3 ≠ 2⁄
2

+ 4⁄ = 0 Z1 Z9 1 ≠ z

(1 ≠ 2z) (1 ≠ 2z2) (1 + z)

k

2N
k, N œ Z non-Pisot aperiodic

Skau Example #1 0 ‘æ 001
1 ‘æ 0101 ( 2 1

2 2 )
a ‘æ abc
b ‘æ abc
c ‘æ bcbc

1 1 1 1
1 1 1
0 2 2

2 Ô
2 + 2 ⁄

2 ≠ 4⁄ + 2 = 0 Z1 Z3 1 ≠ z

1 ≠ 4z + 2z2
p + q

Ô
2

2N
p, q, N œ Z Pisot limit-quasiperiodic

Skau Example #2 0 ‘æ 010
1 ‘æ 01 ( 2 1

1 1 )
a ‘æ bca
b ‘æ bca
c ‘æ bc

1 1 1 1
1 1 1
0 1 1

2
· + 1 ⁄

2 ≠ 3⁄ + 1 = 0 Z1 Z2 1 ≠ z

1 ≠ 3z + z2 p + q · · p, q œ Z Pisot quasiperiodic

Skau Example #3 0 ‘æ 001
1 ‘æ 10 ( 2 1

1 1 )

a ‘æ abc
b ‘æ abd
c ‘æ ca
d ‘æ cb

3 1 1 1 0
1 1 0 1
1 0 1 0
0 1 1 0

4
· + 1 ⁄

2 ≠ 3⁄ + 1 = 0 Z1 Z5 1 ≠ z

(1 + z) (1 ≠ 3z + z2)

p + q · ·

5
p, q œ Z Pisot quasiperiodic

Skau Example #4 0 ‘æ 010
1 ‘æ 1001 ( 2 1

2 2 )
a ‘æ bca
b ‘æ bcb
c ‘æ cabc

1 1 1 1
0 2 1
1 1 2

2 Ô
2 + 2 ⁄

2 ≠ 4⁄ + 2 = 0 Z1 Z2 1 ≠ z

1 ≠ 4z + 2z2
p + q

Ô
2

2N
p, q, N œ Z Pisot limit-quasiperiodic

Chacon 0 ‘æ 0010
1 ‘æ 1 ( 3 1

0 1 )

a ‘æ abca
b ‘æ abcb
c ‘æ c

1 2 1 1
1 2 1
0 0 1

2
3 ⁄

2 ≠ 4⁄ + 3 = 0 Z1 Z3 1

1 ≠ 3z

k

3N
k, N œ Z not primitive limit-quasiperiodic

Golden Mean Squared 0 ‘æ 100
1 ‘æ 10 ( 2 1

1 1 )
a ‘æ cab
b ‘æ cab
c ‘æ cb

1 1 1 1
1 1 1
0 1 1

2
· + 1 ⁄

2 ≠ 3⁄ + 1 = 0 Z1 Z2 1 ≠ z

1 ≠ 3z + z2 p + q · ⁄1 p, q œ Z Pisot quasiperiodic

Silver Mean Squared 0 ‘æ 1001000
1 ‘æ 100 ( 5 2

2 1 )
a ‘æ cabcaab
b ‘æ cabcaab
c ‘æ cab

1 3 2 2
3 2 2
1 1 1

2
2
Ô

2 + 3 ⁄
2 ≠ 6⁄ + 1 = 0 Z1 Z2 1 ≠ z

1 ≠ 6z + z2 p + q · ⁄1 p, q œ Z Pisot quasiperiodic

Copper Mean Squared 0 ‘æ 1000100010000
1 ‘æ 1000 ( 10 3

3 1 )

a ‘æ caabcaabcaaab
b ‘æ caabcaabcaaab
c ‘æ caab

1 7 3 3
7 3 3
2 1 1

2
3
Ô

13

2
+

11

2
⁄

2 ≠ 11⁄ + 1 = 0 Z1 Z2 1 ≠ z

1 ≠ 11z + z2 p + q · ⁄1 p, q œ Z Pisot quasiperiodic

Luck Ternary #1 0 ‘æ 01
1 ‘æ 02
2 ‘æ 012

1 1 1 0
1 0 1
1 1 1

2 a ‘æ ac
b ‘æ ac
c ‘æ be
d ‘æ be
e ‘æ ade

A 1 0 1 0 0
1 0 1 0 0
0 1 0 0 1
0 1 0 0 1
1 0 0 1 1

B
2.247 ⁄

3 ≠ 2⁄
2 ≠ ⁄ + 1 = 0 Z1 Z3 1 ≠ z

1 ≠ 2z ≠ z2 + z3 p + q · ⁄1 + r · ⁄
2
1 p, q, r œ Z Pisot quasiperiodic

Luck Ternary #2 0 ‘æ 2
1 ‘æ 0
2 ‘æ 12

1 0 0 1
1 0 0
0 1 1

2 a ‘æ c
b ‘æ a
c ‘æ be
d ‘æ bc
e ‘æ bd

A 0 0 1 0 0
1 0 0 0 0
0 1 0 0 1
0 1 1 0 0
0 1 0 1 0

B
1.4656 ⁄

3 ≠ ⁄
2 ≠ 1 = 0 Z1 Z3 1 ≠ z

1 ≠ z ≠ z3 p + q · ⁄1 + r · ⁄
2
1 p, q, r œ Z Pisot quasiperiodic

Periodic 1-2 0 ‘æ 011
1 ‘æ 011 ( 1 2

1 2 )
a ‘æ acb
b ‘æ acb
c ‘æ acb

1 1 1 1
1 1 1
1 1 1

2
3 ⁄

2 ≠ 3⁄ = 0 Z1 Z1 1 ≠ z

1 ≠ 3z

k

3
k œ Z Pisot periodic

Periodic 1-3 0 ‘æ 0111
1 ‘æ 0111 ( 1 3

1 3 )
a ‘æ accb
b ‘æ accb
c ‘æ accb

1 1 1 2
1 1 2
1 1 2

2
4 ⁄

2 ≠ 4⁄ = 0 Z1 Z1 1 ≠ z

1 ≠ 4z

k

4
k œ Z Pisot periodic

Periodic 1-4 0 ‘æ 01111
1 ‘æ 01111 ( 1 4

1 4 )
a ‘æ acccb
b ‘æ acccb
c ‘æ acccb

1 1 1 3
1 1 3
1 1 3

2
5 ⁄

2 ≠ 5⁄ = 0 Z1 Z1 1 ≠ z

1 ≠ 5z

k

5
k œ Z Pisot periodic

Periodic 2-3 0 ‘æ 00111
1 ‘æ 00111 ( 2 3

2 3 )

a ‘æ abddc
b ‘æ abddc
c ‘æ abddc
d ‘æ abddc

3 1 1 1 2
1 1 1 2
1 1 1 2
1 1 1 2

4
5 ⁄

2 ≠ 5⁄ = 0 Z1 Z1 1 ≠ z

1 ≠ 5z

k

5
k œ Z Pisot periodic

Periodic 2-5 0 ‘æ 0011111
1 ‘æ 0011111 ( 2 5

2 5 )

a ‘æ abddddc
b ‘æ abddddc
c ‘æ abddddc
d ‘æ abddddc

3 1 1 1 4
1 1 1 4
1 1 1 4
1 1 1 4

4
7 ⁄

2 ≠ 7⁄ = 0 Z1 Z1 1 ≠ z

1 ≠ 7z

k

7
k œ Z Pisot periodic

Golden Mean 0 ‘æ 10
1 ‘æ 0 ( 1 1

1 0 )
a ‘æ cb
b ‘æ ca
c ‘æ b

1 0 1 1
1 0 1
0 1 0

2
· ⁄

2 ≠ ⁄ ≠ 1 = 0 Z1 Z2 1 ≠ z

1 ≠ z ≠ z2 p + q · ⁄1 p, q œ Z Pisot quasiperiodic

Silver Mean 0 ‘æ 100
1 ‘æ 0 ( 2 1

1 0 )
a ‘æ cab
b ‘æ caa
c ‘æ b

1 1 1 1
2 0 1
0 1 0

2 Ô
2 + 1 ⁄

2 ≠ 2⁄ ≠ 1 = 0 Z1 Z2 1 ≠ z

1 ≠ 2z ≠ z2 p + q · ⁄1 p, q œ Z Pisot quasiperiodic

Copper Mean 0 ‘æ 1000
1 ‘æ 0 ( 3 1

1 0 )

a ‘æ caab
b ‘æ caaa
c ‘æ b

1 2 1 1
3 0 1
0 1 0

2 Ô
13

2
+

3

2
⁄

2 ≠ 3⁄ ≠ 1 = 0 Z1 Z2 1 ≠ z

1 ≠ 3z ≠ z2 p + q · ⁄1 p, q œ Z Pisot quasiperiodic

Marginal 0 ‘æ 001
1 ‘æ 011 ( 2 1

1 2 )

a ‘æ abc
b ‘æ abc
c ‘æ bdc
d ‘æ bdc

3 1 1 1 0
1 1 1 0
0 1 1 1
0 1 1 1

4
3 ⁄

2 ≠ 4⁄ + 3 = 0 Z1 Z3 1

1 ≠ 3z

k

2 · 3N
k, N œ Z non-Pisot limit-quasiperiodic

Luck non-Pisot 0 ‘æ 0001
1 ‘æ 110 ( 3 1

1 2 )

a ‘æ aabc
b ‘æ aabd
c ‘æ dca
d ‘æ dcb

3 2 1 1 0
2 1 0 1
1 0 1 1
0 1 1 1

4
· + 2 ⁄

2 ≠ 5⁄ + 5 = 0 Z1 Z5 1 ≠ z

(z + 1) (1 ≠ 5z + 5z2)

p + q · ·

11 · 5N
p, q, N œ Z non-Pisot limit-quasiperiodic

Binary non-Pisot 0 ‘æ 01
1 ‘æ 000 ( 1 1

3 0 )
a ‘æ bc
b ‘æ bc
c ‘æ aaa

1 0 1 1
0 1 1
3 0 0

2 Ô
13

2
+

1

2
⁄

2 ≠ ⁄ ≠ 3 = 0 Z1 Z3 1 ≠ z

1 ≠ z ≠ 3z2
p + q · ⁄1

3N
p, q, N œ Z non-Pisot limit-quasiperiodic

Ternary non-Pisot 0 ‘æ 2
1 ‘æ 0
2 ‘æ 101

1 0 0 1
1 0 0
1 2 0

2
a ‘æ e
b ‘æ f
c ‘æ b
d ‘æ a
e ‘æ cad
f ‘æ cac

Q

a
0 0 0 0 1 0
0 0 0 0 0 1
0 1 0 0 0 0
1 0 0 0 0 0
1 0 1 1 0 0
1 0 2 0 0 0

R

b 1.5214 ⁄
3 ≠ ⁄ ≠ 2 = 0 Z1 Z6 1

1 ≠ z2 ≠ 2z3
p + q · ⁄1 + r · ⁄

2
1

2N
p, q, r, N œ Z non-Pisot limit-quasiperiodic



A.3 Multiplication Matrices 33

The second occurrence matrix M2 has exactly the same eigenvalues as M1
with the possible additional eigenvalue 0 [16]. Thus, it does not change the
physical properties of the substitution. The substitution ‡2 is also called the
inflation of ‡1.

A.3 Multiplication Matrices

For chosen of the substitution rules of the previous section we define their mul-
tiplication matrix as in Eq. (3.21). They are given in Figs. A.1–A.7.

Fig. A.1: Multiplication matrix � (q, r) for the Non-Pisot substitution.

Fig. A.2: Multiplication matrix � (q, r) for the Period Doubling substitution.

Fig. A.3: Multiplication matrix � (q, r) for the Circle Sequence substitution.

34 A Substitution Models

Fig. A.4: Multiplication matrix � (q, r) for the Rudin-Shapiro substitution.

Fig. A.5: Multiplication matrix � (q, r) for the Golden Mean substitution.

Fig. A.6: Multiplication matrix � (q, r) for the Silver Mean substitution.

Fig. A.7: Multiplication matrix � (q, r) for the Copper Mean substitution.



Thank you for your attention

Most of results and details are 
available at :

https://phsites.technion.ac.il/eric/

https://phsites.technion.ac.il/eric/


Summary - the untold part

• Given a topological meaning to the integers labelling 
the gaps of the fractal spectrum.

• Proposed a complete algebraic structure to account 
for the topological integers (Abelian group structure 
isomorphic to

• This Abelian group is isomorphic to the cohomology 
group         defined on (Bratelli) graphs associated to 
the quasi periodic structures.   
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𝑞 

𝑠 

𝑠 = 0,5 

𝑠 = 1 

𝑠 = 3 
𝑠 = 2 

𝑠 = 4 

We have a discrete unit circle ⇒ ℤ/𝐹ேℤ 

H (1)



Name Substitution Substitution on Doublets Self Properties Cohomology Zeta Function Gap Labeling Theorem Properties
Rule ‡1 Occurrence M1 Rule ‡2 Occurrence M2 Eigenvalue Char. Polynomial H

0
(G) H

1
(G) ’(z) Pisot char. Periodicity

Fibonacci 0 ‘æ 01
1 ‘æ 0 ( 1 1

1 0 )
a ‘æ bc
b ‘æ bc
c ‘æ a

1 0 1 1
0 1 1
1 0 0

2
· ⁄

2 ≠ ⁄ ≠ 1 = 0 Z1 Z2 1 ≠ z

1 ≠ z ≠ z2 p + q · · p, q œ Z Pisot quasiperiodic

Cantor Set 0 ‘æ 010
1 ‘æ 111 ( 2 1

0 3 )
a ‘æ aba
b ‘æ ccb
c ‘æ ccc

1 2 1 0
0 1 2
0 0 3

2
3 ⁄

2 ≠ 5⁄ + 6 = 0 Z1 Z3 1 ≠ z

(1 ≠ 2z) (1 ≠ 3z)

k

3N
k, N œ Z not primitive limit-quasiperiodic

Non-Pisot 0 ‘æ 0001
1 ‘æ 011 ( 3 1

1 2 )

a ‘æ aabc
b ‘æ aabc
c ‘æ bdc
d ‘æ bdc

3 2 1 1 0
2 1 1 0
0 1 1 1
0 1 1 1

4
· + 2 ⁄

2 ≠ 5⁄ + 5 = 0 Z1 Z3 1 ≠ z

1 ≠ 5z + 5z2
p + q · ·

5N
p, q, N œ Z non-Pisot limit-quasiperiodic

Periodic 0 ‘æ 01
1 ‘æ 01 ( 1 1

1 1 ) a ‘æ ab
b ‘æ ab ( 1 1

1 1 ) 2 ⁄
2 ≠ 2⁄ = 0 Z1 Z1 1 ≠ z

1 ≠ 2z

k

2
k œ Z Pisot periodic

Thue-Morse 0 ‘æ 01
1 ‘æ 10 ( 1 1

1 1 )

a ‘æ bc
b ‘æ bd
c ‘æ ca
d ‘æ cb

3 0 1 1 0
0 1 0 1
1 0 1 0
0 1 1 0

4
2 ⁄

2 ≠ 2⁄ = 0 Z1 Z3 1 ≠ z

(1 ≠ 2z) (1 + z)

k

3 · 2N
k, N œ Z Pisot aperiodic

SierpiÒski 0 ‘æ 01010
1 ‘æ 11 ( 3 2

0 2 )
a ‘æ ababa
b ‘æ cb
c ‘æ cc

1 3 2 0
0 1 1
0 0 2

2
3 ⁄

2 ≠ 5⁄ + 6 = 0 Z1 Z4 1 ≠ z

(1 ≠ 2z) (1 ≠ 3z)

k

3N
k, N œ Z not primitive limit-quasiperiodic

Degen. SierpiÒski 0 ‘æ 0001
1 ‘æ 1112
2 ‘æ 1112

1 3 1 0
0 3 1
0 3 1

2
a ‘æ aabc
b ‘æ aabd
c ‘æ ddef
d ‘æ ddeg
e ‘æ ddeg
f ‘æ ddef
g ‘æ ddeg

Q

ca

2 1 1 0 0 0 0
2 1 0 1 0 0 0
0 0 0 2 1 1 0
0 0 0 2 1 0 1
0 0 0 2 1 0 1
0 0 0 2 1 1 0
0 0 0 2 1 0 1

R

db 4 ⁄
3 ≠ 7⁄

2
+ 12⁄ = 0 Z1 Z3 1 ≠ z

(1 ≠ 3z) (1 ≠ 4z)

k

4N
k, N œ Z not primitive aperiodic

Period Doubling 0 ‘æ 01
1 ‘æ 00 ( 1 1

2 0 )
a ‘æ bc
b ‘æ bc
c ‘æ aa

1 0 1 1
0 1 1
2 0 0

2
2 ⁄

2 ≠ ⁄ ≠ 2 = 0 Z1 Z3 1 ≠ z

(1 ≠ 2z) (1 + z)

k

3 · 2N
k, N œ Z non-Pisot limit-quasiperiodic

Circle Sequence 0 ‘æ 202
1 ‘æ 02202
2 ‘æ 01202

1 1 0 2
2 0 3
2 1 2

2 a ‘æ dbd
b ‘æ dbd
c ‘æ bedbd
d ‘æ acdbe
e ‘æ acdbd

A 0 1 0 2 0
0 1 0 2 0
0 2 0 2 1
1 1 1 1 1
1 1 1 2 0

B
·

3
⁄

3 ≠ 3⁄
2 ≠ 5⁄ ≠ 1 = 0 Z1 Z3 1 ≠ z

(1 + z) (1 ≠ 4z ≠ z2)

1

2
(p + q · ·) p, q œ Z Pisot quasiperiodic

Rudin-Shapiro
0 ‘æ 02
1 ‘æ 32
2 ‘æ 01
3 ‘æ 31

3 1 0 1 0
0 0 1 1
1 1 0 0
0 1 0 1

4
a ‘æ bf
b ‘æ be
c ‘æ he
d ‘æ hf
e ‘æ ac
f ‘æ ad
g ‘æ gd
h ‘æ gc

Q

ca

0 1 0 0 0 1 0 0
0 1 0 0 1 0 0 0
0 0 0 0 1 0 0 1
0 0 0 0 0 1 0 1
1 0 1 0 0 0 0 0
1 0 0 1 0 0 0 0
0 0 0 1 0 0 1 0
0 0 1 0 0 0 1 0

R

db 2 ⁄
4 ≠ 2⁄

3 ≠ 2⁄
2

+ 4⁄ = 0 Z1 Z9 1 ≠ z

(1 ≠ 2z) (1 ≠ 2z2) (1 + z)

k

2N
k, N œ Z non-Pisot aperiodic

Skau Example #1 0 ‘æ 001
1 ‘æ 0101 ( 2 1

2 2 )
a ‘æ abc
b ‘æ abc
c ‘æ bcbc

1 1 1 1
1 1 1
0 2 2

2 Ô
2 + 2 ⁄

2 ≠ 4⁄ + 2 = 0 Z1 Z3 1 ≠ z

1 ≠ 4z + 2z2
p + q

Ô
2

2N
p, q, N œ Z Pisot limit-quasiperiodic

Skau Example #2 0 ‘æ 010
1 ‘æ 01 ( 2 1

1 1 )
a ‘æ bca
b ‘æ bca
c ‘æ bc

1 1 1 1
1 1 1
0 1 1

2
· + 1 ⁄

2 ≠ 3⁄ + 1 = 0 Z1 Z2 1 ≠ z

1 ≠ 3z + z2 p + q · · p, q œ Z Pisot quasiperiodic

Skau Example #3 0 ‘æ 001
1 ‘æ 10 ( 2 1

1 1 )

a ‘æ abc
b ‘æ abd
c ‘æ ca
d ‘æ cb

3 1 1 1 0
1 1 0 1
1 0 1 0
0 1 1 0

4
· + 1 ⁄

2 ≠ 3⁄ + 1 = 0 Z1 Z5 1 ≠ z

(1 + z) (1 ≠ 3z + z2)

p + q · ·

5
p, q œ Z Pisot quasiperiodic

Skau Example #4 0 ‘æ 010
1 ‘æ 1001 ( 2 1

2 2 )
a ‘æ bca
b ‘æ bcb
c ‘æ cabc

1 1 1 1
0 2 1
1 1 2

2 Ô
2 + 2 ⁄

2 ≠ 4⁄ + 2 = 0 Z1 Z2 1 ≠ z

1 ≠ 4z + 2z2
p + q

Ô
2

2N
p, q, N œ Z Pisot limit-quasiperiodic

Chacon 0 ‘æ 0010
1 ‘æ 1 ( 3 1

0 1 )

a ‘æ abca
b ‘æ abcb
c ‘æ c

1 2 1 1
1 2 1
0 0 1

2
3 ⁄

2 ≠ 4⁄ + 3 = 0 Z1 Z3 1

1 ≠ 3z

k

3N
k, N œ Z not primitive limit-quasiperiodic

Golden Mean Squared 0 ‘æ 100
1 ‘æ 10 ( 2 1

1 1 )
a ‘æ cab
b ‘æ cab
c ‘æ cb

1 1 1 1
1 1 1
0 1 1

2
· + 1 ⁄

2 ≠ 3⁄ + 1 = 0 Z1 Z2 1 ≠ z

1 ≠ 3z + z2 p + q · ⁄1 p, q œ Z Pisot quasiperiodic

Silver Mean Squared 0 ‘æ 1001000
1 ‘æ 100 ( 5 2

2 1 )
a ‘æ cabcaab
b ‘æ cabcaab
c ‘æ cab

1 3 2 2
3 2 2
1 1 1

2
2
Ô

2 + 3 ⁄
2 ≠ 6⁄ + 1 = 0 Z1 Z2 1 ≠ z

1 ≠ 6z + z2 p + q · ⁄1 p, q œ Z Pisot quasiperiodic

Copper Mean Squared 0 ‘æ 1000100010000
1 ‘æ 1000 ( 10 3

3 1 )

a ‘æ caabcaabcaaab
b ‘æ caabcaabcaaab
c ‘æ caab

1 7 3 3
7 3 3
2 1 1

2
3
Ô

13

2
+

11

2
⁄

2 ≠ 11⁄ + 1 = 0 Z1 Z2 1 ≠ z

1 ≠ 11z + z2 p + q · ⁄1 p, q œ Z Pisot quasiperiodic

Luck Ternary #1 0 ‘æ 01
1 ‘æ 02
2 ‘æ 012

1 1 1 0
1 0 1
1 1 1

2 a ‘æ ac
b ‘æ ac
c ‘æ be
d ‘æ be
e ‘æ ade

A 1 0 1 0 0
1 0 1 0 0
0 1 0 0 1
0 1 0 0 1
1 0 0 1 1

B
2.247 ⁄

3 ≠ 2⁄
2 ≠ ⁄ + 1 = 0 Z1 Z3 1 ≠ z

1 ≠ 2z ≠ z2 + z3 p + q · ⁄1 + r · ⁄
2
1 p, q, r œ Z Pisot quasiperiodic

Luck Ternary #2 0 ‘æ 2
1 ‘æ 0
2 ‘æ 12

1 0 0 1
1 0 0
0 1 1

2 a ‘æ c
b ‘æ a
c ‘æ be
d ‘æ bc
e ‘æ bd

A 0 0 1 0 0
1 0 0 0 0
0 1 0 0 1
0 1 1 0 0
0 1 0 1 0

B
1.4656 ⁄

3 ≠ ⁄
2 ≠ 1 = 0 Z1 Z3 1 ≠ z

1 ≠ z ≠ z3 p + q · ⁄1 + r · ⁄
2
1 p, q, r œ Z Pisot quasiperiodic

Periodic 1-2 0 ‘æ 011
1 ‘æ 011 ( 1 2

1 2 )
a ‘æ acb
b ‘æ acb
c ‘æ acb

1 1 1 1
1 1 1
1 1 1

2
3 ⁄

2 ≠ 3⁄ = 0 Z1 Z1 1 ≠ z

1 ≠ 3z

k

3
k œ Z Pisot periodic

Periodic 1-3 0 ‘æ 0111
1 ‘æ 0111 ( 1 3

1 3 )
a ‘æ accb
b ‘æ accb
c ‘æ accb

1 1 1 2
1 1 2
1 1 2

2
4 ⁄

2 ≠ 4⁄ = 0 Z1 Z1 1 ≠ z

1 ≠ 4z

k

4
k œ Z Pisot periodic

Periodic 1-4 0 ‘æ 01111
1 ‘æ 01111 ( 1 4

1 4 )
a ‘æ acccb
b ‘æ acccb
c ‘æ acccb

1 1 1 3
1 1 3
1 1 3

2
5 ⁄

2 ≠ 5⁄ = 0 Z1 Z1 1 ≠ z

1 ≠ 5z

k

5
k œ Z Pisot periodic

Periodic 2-3 0 ‘æ 00111
1 ‘æ 00111 ( 2 3

2 3 )

a ‘æ abddc
b ‘æ abddc
c ‘æ abddc
d ‘æ abddc

3 1 1 1 2
1 1 1 2
1 1 1 2
1 1 1 2

4
5 ⁄

2 ≠ 5⁄ = 0 Z1 Z1 1 ≠ z

1 ≠ 5z

k

5
k œ Z Pisot periodic

Periodic 2-5 0 ‘æ 0011111
1 ‘æ 0011111 ( 2 5

2 5 )

a ‘æ abddddc
b ‘æ abddddc
c ‘æ abddddc
d ‘æ abddddc

3 1 1 1 4
1 1 1 4
1 1 1 4
1 1 1 4

4
7 ⁄

2 ≠ 7⁄ = 0 Z1 Z1 1 ≠ z

1 ≠ 7z

k

7
k œ Z Pisot periodic

Golden Mean 0 ‘æ 10
1 ‘æ 0 ( 1 1

1 0 )
a ‘æ cb
b ‘æ ca
c ‘æ b

1 0 1 1
1 0 1
0 1 0

2
· ⁄

2 ≠ ⁄ ≠ 1 = 0 Z1 Z2 1 ≠ z

1 ≠ z ≠ z2 p + q · ⁄1 p, q œ Z Pisot quasiperiodic

Silver Mean 0 ‘æ 100
1 ‘æ 0 ( 2 1

1 0 )
a ‘æ cab
b ‘æ caa
c ‘æ b

1 1 1 1
2 0 1
0 1 0

2 Ô
2 + 1 ⁄

2 ≠ 2⁄ ≠ 1 = 0 Z1 Z2 1 ≠ z

1 ≠ 2z ≠ z2 p + q · ⁄1 p, q œ Z Pisot quasiperiodic

Copper Mean 0 ‘æ 1000
1 ‘æ 0 ( 3 1

1 0 )

a ‘æ caab
b ‘æ caaa
c ‘æ b

1 2 1 1
3 0 1
0 1 0

2 Ô
13

2
+

3

2
⁄

2 ≠ 3⁄ ≠ 1 = 0 Z1 Z2 1 ≠ z

1 ≠ 3z ≠ z2 p + q · ⁄1 p, q œ Z Pisot quasiperiodic

Marginal 0 ‘æ 001
1 ‘æ 011 ( 2 1

1 2 )

a ‘æ abc
b ‘æ abc
c ‘æ bdc
d ‘æ bdc

3 1 1 1 0
1 1 1 0
0 1 1 1
0 1 1 1

4
3 ⁄

2 ≠ 4⁄ + 3 = 0 Z1 Z3 1

1 ≠ 3z

k

2 · 3N
k, N œ Z non-Pisot limit-quasiperiodic

Luck non-Pisot 0 ‘æ 0001
1 ‘æ 110 ( 3 1

1 2 )

a ‘æ aabc
b ‘æ aabd
c ‘æ dca
d ‘æ dcb

3 2 1 1 0
2 1 0 1
1 0 1 1
0 1 1 1

4
· + 2 ⁄

2 ≠ 5⁄ + 5 = 0 Z1 Z5 1 ≠ z

(z + 1) (1 ≠ 5z + 5z2)

p + q · ·

11 · 5N
p, q, N œ Z non-Pisot limit-quasiperiodic

Binary non-Pisot 0 ‘æ 01
1 ‘æ 000 ( 1 1

3 0 )
a ‘æ bc
b ‘æ bc
c ‘æ aaa

1 0 1 1
0 1 1
3 0 0

2 Ô
13

2
+

1

2
⁄

2 ≠ ⁄ ≠ 3 = 0 Z1 Z3 1 ≠ z

1 ≠ z ≠ 3z2
p + q · ⁄1

3N
p, q, N œ Z non-Pisot limit-quasiperiodic

Ternary non-Pisot 0 ‘æ 2
1 ‘æ 0
2 ‘æ 101

1 0 0 1
1 0 0
1 2 0

2
a ‘æ e
b ‘æ f
c ‘æ b
d ‘æ a
e ‘æ cad
f ‘æ cac

Q

a
0 0 0 0 1 0
0 0 0 0 0 1
0 1 0 0 0 0
1 0 0 0 0 0
1 0 1 1 0 0
1 0 2 0 0 0

R

b 1.5214 ⁄
3 ≠ ⁄ ≠ 2 = 0 Z1 Z6 1

1 ≠ z2 ≠ 2z3
p + q · ⁄1 + r · ⁄

2
1

2N
p, q, r, N œ Z non-Pisot limit-quasiperiodic









Summary - the untold part

• Given a topological meaning to the integers labelling 
the gaps of the fractal spectrum.

• Proposed a complete algebraic structure to account 
for the topological integers (Abelian group structure 
isomorphic to

• Generalisation to other substitutions

• Generalized Cut&Project

2 4 1 3 0
4 3 2 1 0
1
3
0

2
1
0

3
4
0

4
2
0

0
0
0

 

𝑞 

𝑠 

𝑠 = 0,5 

𝑠 = 1 

𝑠 = 3 
𝑠 = 2 

𝑠 = 4 

We have a discrete unit circle ⇒ ℤ/𝐹ேℤ 



C&P slope
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0.2
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0.6

0.8

1 [-1,1] [1,0] 
[-2,2] [2,-1] 

[4,-2] [-4,3] 

)LJXUH ����� 7KH VDPH FRORUPDS DV SUHVHQWHG LQ ILJXUH ����� ZLWK LQYHUWHG D[HV� 7KH
ODEHOV [q, p] IRU VHYHUDO OLQHV DUH LQGLFDWHG E\ ZKLWH DUURZV�

)LJXUH ����� 7RS� WKH GLIIUDFWLRQ VSHFWUXP IRU WKH )LERQDFFL FKDLQ S14 IURP ILJXUH
����� %RWWRP� $ VHFWLRQ RI WKH FRORUPDS IURP ILJXUH ���� DURXQG WKH )LERQDFFL VORSH
τ−1 ∼= 0.62 DQG WKH FRUUHVSRQGLQJ OLQH ODEHOV [q, p] DV SUHVHQWHG LQ ILJXUH ����� 7KHVH
ODEHOV DUH QRZ DVVLJQHG WR WKH GLIIUDFWLRQ SHDNV� DQG FRUURERUDWH �������

7KHVH UHODWLRQV DQG FRQFOXVLRQV DUH GHHSO\ FRQQHFWHG WR WKH WRSRORJLFDO SURSHU�
WLHV RI TXDVLSHULRGLF FKDLQV� DQG ZLOO EH GLVFXVVHG LQ GHWDLO LQ FKDSWHU �� )RU WKH WLPH
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The ⁄1 is fixed per substitution
How to change ⁄1 continuously? By Cut and Project12
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Wannier Butterfly

E. Levy, F. Mortessagne, U. Kuhl, E.A, 2016



C&P  s l ope  ( s )
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ϕ )

ωω2 ω-1 ω4

2s mod(1)

-s mod(1)

4s mod(1)

0

1

q=2

q=-1

q=4

Gap labeling theorem

IDOS (ω)
Scattering phases:

δ(ω),  α(ω)

Cut & Paste

Topological

winding

Phase space

A B A A A A BA A

B
A

AB AB A B

AB A B A B

Wannier Butterfly

E. Levy, F. Mortessagne, U. Kuhl, E.A, 2016



Ambiguity for winding numbers


