Topological properties of tilings
From structure to spectrum

Eric Akkermans
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Is there a relation between
structure and spectrum in aperiodic
tilings ?

A equivalent of Bloch theorem for
tilings

1. E. Akkermans, Y. Don, J. Rosenberg and C. L. Schochet, Relating Diffraction and Spectral Data of Aperiodic Tilings: Towards a Bloch
theorem, J. Geom. Phys. 165, 104217 (2021).


https://www.sciencedirect.com/science/article/pii/S0393044021000681
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Aperiodic Tilings

Problem: too big; ill defined
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How to Characterize Tilings — Structure?



Diffraction pattern - Structure
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Diffraction (X-ray) pattern
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Existence of a Bragg peaks (PP) diffraction pattern is
often unclear (e.g. Thue-Morse)
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Phys. Rev. Lett. 66, 2223-2226 (1991)

F. Axel and H. Terauchi



How to Characterize Tilings — Spectrum?



How to Characterize Tilings — Spectrum?

Spectrum & Integrated Density of States
@ Solve a Hamiltonian H (E)

HY (x) = E9 (x)

LT

(Fibonacci)

@ Find the spectrum:
o dispersion E (k)

\EXPERIMENT THEORY /

[1,-1]
@ Integrated density of states S [3"‘”\\
[-2,4] ™
) [6.-9] [-1,2]
E DOS N\
H(E) — < Q( ) ['4'7]\ [-3,5]
\/\/’(E) IDOS 4 |

. D. Tanese et al., Phys. Rev. Lett. 112, 146404 (2013)




How to Characterize Tilings — Spectrum?
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Correspondence between Structure and Spectrum?

Bloch theorem

Periodic case: we know the connection

finite # of peaks < Ll finite #£ of gaps

correspondence

Aperiodic case: this is not necessarily true

@ \We show that—at least for one family—there I1s a connection

1. E. Akkermans, Y. Don, J. Rosenberg and C. L. Schochet, Relating Diffraction and Spectral Data of Aperiodic Tilings: Towards a Bloch
theorem, J. Geom. Phys. 165, 104217 (2021).


https://www.sciencedirect.com/science/article/pii/S0393044021000681

Correspondence between Structure and Spectrum?

(3)g ‘1090% ] 2IMoNIG
© 9 ¥ N

/ : —
=
&
-m o
P -
(D)
Q
<
‘ , , -
- ®Q 9V % q O
(@) o o o
Amv\/\. ‘uorjoun, suryuno)
(3)g ‘1030B] 2IN1ONIIG
© Q9 % N
Aam () o o =) o
C I | | e
& — ;
.m | 1S
r 4
D) / -
‘n
© 1
- © O ¥ o o
(@) () o o
() v ‘uonpunyg Jurjuno))
(%) ‘10900 2In3oNIIg
© © % o
_ 1 v
=
= E
O |
al
N
; <

- @ v ¥ o O
o o () o

(&7) v ‘wonoung Surjuno))

Thue-Morse

Fibonaccl

15



Correspondence between Structure and Spectrum?

Aperiodic Aperiodic
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Showing the connection -
Finding the tools to discriminate between tilings

The tool: topological invariants

We use the Cech cohomology H?

e to calculate Bragg peaks

e to compute topological numbers

@ to show correspondence

1. E. Akkermans, Y. Don, J. Rosenberg and C. L. Schochet, Relating Diffraction and Spectral Data of Aperiodic Tilings: Towards a Bloch
theorem, J. Geom. Phys. 165, 104217 (2021).
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Outline

e Cut and Project Tilings and Windings



How to Construct Aperiodic Tilings?

Problem
How to tile a space without repeating a pattern indefinitely?

Solution
There are several methods

@ We start with the Cut and Project (C&P) scheme




Start from a 2D lattice L = Z*




Start from a 2D lattice L = Z*

= bx+const




For a rational slope : periodic superlattice
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Ditferent ways to build tiling chains

e Characteristic function

e Cut & Project



Characteristic function

X, = Sign[cos(Zim T +¢) _COS(ﬂT—l )]



Characteristic function

1, =sign cos(2mn 7" +9)—cos(zz)] 1=

Fo(o)=lx 2 X0 2n] & A



Characteristic function

A :Sign[COS(27m T +¢)—cos(7m“1)] ;iz

000

FN(¢):[;(1;(2...;(n...;(N] o JLLELIEL

The angle ¢ Is a (legitimate) degree of freedom.

¢ 1S known as a phason T :\/g +% ~1.62




Characteristic function

X, :sign[cos(Zn'n 7" +¢) _003(7”-_1 )]

¢ 1S an 1innocuous and thus
1ignored modulation phase.

For an infinite Fibonacci chain :

¢0_=3ro=3n1"

Define instead

X, = sign[cos(27m’t'_1 +¢._ + A¢) = COS(7Z'T_1 )}

T:(1+\/§%

golden mean



Characteristic function

X, :sign[cos(Zn'n 7" +¢) _003(7”-_1 )]

¢ 1S an 1innocuous and thus
1ignored modulation phase.

For an infinite Fibonacci chain :

¢0_=3ro=3n1"

Define instead

X, = sign[cos(27m’t'_1 +¢._ + A¢) = COS(7Z'T_1 )}

T:(1+\/§%

golden mean

C&P method

Is it possible to give a meaning
to A¢ using the C&P method ?

y= T~ 'x+const

28



Characteristic function C&P method

Z, :Sign[cos(zn'n ! +¢) _Cos(ﬂ T—l)] Is it possible to give a meaning
to A¢ using the C&P method ?

¢ 1S an 1innocuous and thus
1ignored modulation phase.

For an infinite Fibonacci chain :

¢0_=3ro=3n1"

Define instead

X, = sign[cos(27m’t'_1 +¢._ + A¢) = COS(7Z'T_1 )}

(1 + x/gy We understand the meaning of A¢@
T =
2

golden mean
29



Meaning of the phason ¢ : a gauge field



A gauge degree of freedom

@ Take a characteristic function

X (n, @) = sign {cos (27‘('[7 Ayt




A gauge degree of freedom

() cos (mr1)]
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Length N

@ Take a characteristic function

X (n, @) = sign {cos (27‘('[7 )\_1

=
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A finite segment of size N




A gauge degree of freedom

@ cox (i)

@ Take a characteristic function

X (n, @) = sign {cos (27‘('[7 )\1_1
(IEMAARRAARRARL 2 ARARERRAERAAIE

000{
Length N

Discrete gauge: Choice of origin
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A gauge degree of freedom

@ cox (i)

@ Take a characteristic function

X (n, @) = sign {cos (27‘('[7 )\1_1
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Length N
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A torus

@ Take a characteristic function

X (n, Qb) — sign {COS (27Tn )\1_1 ¢) — COS (71-)\1—1)}

with n=0...Fy —1 and [0,27] 2 ¢
27

1.57

17

Phason, ¢

0.57

O
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Location, n
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A torus

@ Take a characteristic function

by (,b) — COS (7T>\1_
> ¢

1

x (n, ¢) = sign [cos (27rn A

27r]

)

.Fy —1and [0

with n =20..

Letter number



A torus




A gauge degree of freedom

($))— cos (7T)\1_ 1)}

@ Take a characteristic function

x (n, ¢) = sign {cos (27‘('/7 Ayt

Are there spectral consequences
of these structural properties ?

Almost No...



Atomic distributions - Structure factor

@ Distributions of identical atoms in 1D

@ Use language of tilings: two tiles (letters) a and b

@ Distribution of letters underlies distribution of atoms

@ Define atomic density

p(x)=> 0(x— xk)
k



he diffraction pattern of the infinite chain p(x) = >, 6 (x — xx)
is given by

+00
5= | dxple = =3 e

with structure factor

(5©=1g©)

Diffraction spectrum has a Bragg peak (atomic part) at &g iff

EgXe —2 0 (mod 27)

for {xc}c=1 C {Xk} k=1, so that g (§g) — 6 (§ — €B)

40



The diffraction pattern of the infinite chain p(x) = >, 0 (x — xx)
s given by

+00
5O = [ dxp()e =T

— OO
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The extra phase - Winding numbers

@ Take a characteristic function

X (n, qb) = sign {cos (27‘(‘” )\1_1 + ¢) — COS (W)\l—l)}

with n=0... Fy — 1 and [0,27] > ¢ — ¢y = £~ 4
@ Discrete Fourier transform w.r.t. n
FN 1 271

g (&, ) = Zw "x(n,¢), w=en

@ Structure factor S and phase v

S(& ) =g(&9)




Structure factor is ¢ - independent

@ Take a characteristic function

x (n, @) = sign {cos (27rn At ¢) oS (ﬂ.)\l—l)}

with n=20...

FN — 1 and [0,27'(']

> ¢ — = F 4

@ Discrete Fourier transform w.r.t. n

Fy—1

g (& 9) = Zw

@ Structure factor S

S(& ) =g(&9)

271

X ( n, ¢ w —=efn
, Structure Factor, log S(&, ¢)
-
1.57
-
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S 1x
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The extra phase - Winding numbers

@ Take a characteristic function

X (n, qb) = sign {cos (27‘(‘” )\1_1 + ¢) — COS (W)\l—l)}

with n=0... Fy — 1 and [0,27] > ¢ — ¢y = £~ 4
@ Discrete Fourier transform w.r.t. n

@ Structure factor S and phase 6

S(&¢) =g (&),

~
) 3
o
.

(0(c.0) = argg (&

usually disregarded



The extra phase - Winding numbers

@ Take a characteristic function

X (n, qb) = sign {cos (27‘(‘” )\1_1 + ¢) — COS (W)\l—l)}

with n=0... Fy — 1 and [0,27] > ¢ — ¢y = £~ 4
@ Discrete Fourier transform w.r.t. n

@ Structure factor S and phase 6

S(&¢) =g (&),

o Winding number at §o ____ e

(& 0) = argg (¢

~
) 3
o
.

o “ )



Phason, ¢

Structure factor S and phase 6

1.57

0.57

The extra phase - Winding numbers

271

g(&o)=> wx(ng¢), w=en

S(&0)=g(&9)°,
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Measuring the structural winding numbers

A. Dareau, E. Levy, F. Gerbier and J. Beugnon and E.A 2017



§ ’ii‘:\‘f‘l}il
N B Y
SRS
St btetng!
IR

\Q‘é O‘Q‘o'q‘}

RN
. |
G022 T 8y oY
SRR
s 050
V. hevgheey V
ROl

LA




A diffraction measurement of winding numbers

Fibonacci finite string

CCD camera

A. Dareau, E. Levy, F. Gerbier and J. Beugnon and E.A 2017



Experiment, no artif. palindrom (linear scale)

DMD Pattern

89 letters

No effect of ¢



Experiment, no artif. palindrom (linear scale)

DMD Pattern

89 letters

No eftect of ¢

, Structure Factor, log S(&, ¢)
Tr

1.57
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Phason, ¢
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Experiment, no artif. palindrom (linear scale)

DMD Pattern

89 letters

No effect of ¢

Creating edge states



DMD Pattern

89 letters

DMD Pattern

89 letters

Experiment, no artif. palindrom (linear scale)




Experiment, no artif. palindrom (linear scale)

DMD Pattern

89 letters

No effect of ¢

Experiment (linear scale)

DMD Pattern

89 letters

There 1s an effect of the phason ¢



A diffraction measurement of winding numbers

DMD Pattern

89 letters

Phason, ¢
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2D diffraction experiment

msteadt of || HMNTNTAN

consider all realisations
1
|
05
= 0
<]
0.5
i 40 60 80

20
Letter number

A. Dareau, E. Levy, F. Gerbier and J. Beugnon and E.A 2017



2D diffraction experiment

msteadt of || HMNTNTAN

consider all realisations
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DMD Pattern Diffraction pattern
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Spectral Features

So far, we presented structural features

culminating in topological winding numbers

What about spectral ones?




How to Characterize Tilings — Spectrum?

Spectrum & Integrated Density of States
@ Solve a Hamiltonian H (E)

HY (x) = E9 (x)

LT

(Fibonacci)

@ Find the spectrum:
o dispersion E (k)

\EXPERIMENT THEORY /

[1,-1]
@ Integrated density of states S [3"‘”\\
[-2,4] ™
) [6.-9] [-1,2]
E DOS N\
H(E) — < Q( ) ['4'7]\ [-3,5]
\/\/’(E) IDOS 4 |

. D. Tanese et al., Phys. Rev. Lett. 112, 146404 (2013)




Scattering formalism

— =

1T L (B (Tt (7
|+ ‘o t(k) F(k))\%

@ Take 1D wave system of size L bounded by two semi-infinite
N—— ——

free systems
s 7
3
S

- -
[  — )

61



Scattering formalism

@ The S-matrix is diagonalized to

| P1 _
S — (eo egbZ) = detS = e219(k)

with 0 (k) = 5 (¢1 (k) + 62 (k))



Scattering formalism

@ The S-matrix is diagonalized to

o1 .
S (eo egb2) =  detS = e?19(K)

with 8 (k) = 3 (¢1 (k) + ¢2 (k))

o Find density of modes with Krein-Schwinger formula ,

00 (k) = 5—Im —1n det \‘

—W

G. Dunne, E. Levy, E.A.,”Optics of Aperiodic Structures: Fundamentals and Device Applications”,
L. dal Negro ed., Pan Stanford Publishing, (2013)



@ [he normalized IDOS Is given by

N (v) = No (v) = Qi m log det .7 (v, 9)

T

independent of ¢

64



@ [he normalized IDOS Is given by

N (v) = No (v) = Qi m log det .7 (v, 9)

T

independent of ¢

@ For C&P, gaps appear at
this I1s the GLT

65
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11
@ The .Y-matrix is a 2 X 2 unitary matrix (in 1d) : . ~ <e0 ei072>

e Uniquely identified by 2 phases
@ [hat can be written universally

Q A ¢-independent spectral total phase shift

5(v)=3%(v1+72) = % Imlogdet.7 (v, p)

with AV (1) = No (v) = 26 (V)

=

67



11
@ The .Y-matrix is a 2 X 2 unitary matrix (in 1d) : . ~ <e0 ei072>

e Uniquely identified by 2 phases
@ [hat can be written universally

Q A ¢-independent spectral total phase shift

5(v) =35 (114 72) =5 Imlogdet.s (v, §)
with AV (1) = No (v) = 26 (V)

=

@ A ¢-dependent spectral chiral phase by

O‘(Vgap' ¢) =71 —7v2=ImTr [Uz |0gc5ﬂ(ugap' Cb)]

Where there Is a — there 1s a winding!

68



Spectral Winding

@ To each gap Ny, = gs (mod 1), count the winding

-1 °T Aoy (Vgap, @)
We la] = E/o ¢ do

@ Numerical calculation yields

Wy [a] = 2¢

69



IDOS and Chiral Phase (Fibonacci)
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Measurement using cavity polaritons

1596.5 EXPERIMENT
1596
15955 \ [1,-1]
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Edge states

F. Baboux, E. Levy, J. Bloch, E.A, 2017



Measurement using cavity polaritons

(a) (b)
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F. Baboux, E. Levy et al., Phys. Rev. B 95, 161114 (2017)




Measurement using cavity polaritons

0.5 1.0 1.5 2.0
Phase ¢ (unitsof )

F. Baboux, E. Levy, J. Bloch, E.A, 2016



Winding Relations

Two windings dependent on the same phason ¢

Is there a relation?

Winding Relation

Structural — Spectral

2Wp [©] = 29 = Wy o]




A Bloch Theorem ?



Two Phases - Winding numbers

The Structural phase

S(&¢) =g (&),

0 (& ¢) =argg(&,9)

76



Two Phases - Winding numbers

The Structural phase

Winding number at a Bragg peak £ =&
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Two Phases - Winding numbers

The Structural phase

Phase, 6(&, ¢) = arg g(&, @)
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Two Phases - Winding numbers

The Structural phase

Phase, 6(&, ¢) = arg g(&, @)
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In case you are not yet convinced...

The Structural phase

Phase, 0(¢, ¢) = arg g(&, @)
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This establishes a relation between
structure and spectrum.

A Bloch theorem for aperiodic tilings

C ky/ko=p+qs=N(E,), pgeZ. )

(s 04 =W 05] = 20)



Structure Spectrum

10

Z=We O] <—Wpla| =Z
7%= Ht, o < KPP =27 @7

@ [ here s a topological content
@ Independent of ¢

e Our topological invariant has a name: the Cech Cohomology H*

@ Computable for many different tilings



Outline

e Substitution Tilings and Cech Cohomology



Substitutions
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Periodic Fibonacci

bfa bfa b/a bfa b/a b/a bfa bfa bja bja b/a b'a bfa bfa bfa bfa b I I I I I I I I I , I I I I

( _ b 4 _ b
@ A simple rule: < o(a)=a @ A simple rule: < 0(a) =a
o (b)=ab o(b)=a
@ Resulting in. .. @ Resulting in. ..
ar— ab— abab — ar— abr— aba—
abab abab — abaab — abaab aba —

abab abab abab abab +— - - - abaab aba abaab — - - -
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@ Define substitution rules by
<(<7(a) = a%b” & ars ath’
o(b)=a"b° & b a'b’

with a, 5,v,0 > 0.
@ Acting on a word w = {1¢>...¢) is a concatenation

og(w)=0c(l1)o(l3)...0(l)

@ Associated occurrence matrix

=53]

@ Consider only primitive matrices (substitutions)
o JNy such that YN > Ny all entries of MV are strictly positive
o Largest eigenvalue A\; > 1 (Perron-Frobenius)
o Left and right first eigenvectors are strictly positive




Examples

Name Rule
Periodic arab b ab (i1)
Thue-Morse arab b ba (11)
~ibonacci aryab bra (}1) V51
~ibonacci® ar>aab bwab (571)

(11)

Non-Fibonacci® aw~— aab b+— ba

RN RN R
= REe O

@ Representatives of 3 families:
@ Periodic @ Quasiperiodic @ Aperiodic



Occurrence Matrix M

What can be done?
@ Gap labeling Thm.

What cannot be done?

@ Diffraction

90



How to calculate the Cech Cohomology H1?
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Supertiles (1D)

Infinite tiling:
Supertiles (words):
Supertile rule:

Occurrence mat.:

Wao = 0 (a)
[, ={w € wy | W] = n}
o,:,— N
M,, (all with the same ;)

Example: Fibonacci, n = 2

Flz{a,b}
o1 = {323
My =(14)

wl) = abaab abaabaab w'?) = BCABC BCABCABC

> ={A B, C} ={aa, ab, ba}

A
Oo =

C
B C
C
0
Mz = (0

— B
— B
— A

O

1
1
0




Supertiles (1D)

@ Shift-maps v, (L;) = L; if L;L; exists in Wi

@ Representation by planar graphs G,
(called Bratteli diagrams)

ab
GFIb aa

/‘
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How to calculate the Cech Cohomology H1?

let (I — zA,) . Po(2)
et [I — zAD D1 (z)

§<z>=z

Z [1/c| ={n/c™ | n,m € Z.}

Ci, d]', €; c /.

- D Z[e]l]
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How to calculate the Cech Cohomology H?

@ Computable for many different tilings

@ Distinguishes between families

Family H1 Diffraction peaks Gap labeling
Periodic 7 kp = n/?2 Ng=1/2
Quasiperiodic 7° ky = p =+ qop Ny = qop

1 1 m 1 m
Thue-Morse Z &/ b} Kp = Snr 1 ol Ng = 3 ol
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Gap Labeling Theorem

@ In 1D aperiodic substitutions, the possible gaps are
Ngap € 7, [Ko (B)]

@ Explicitly (k, N € N),

1 k
Ngap — 5@ (mOd 1)

e [he normalization factor a Is inferred by v, v>§2)

@ In C&P tilings (p,q € Z)

Ngap:p—l_qs (mOd ].)

J. Bellissard. A. Bovier J.-M. Ghez %



Outline

@ Bloch Theorem for Aperiodic Tilings

97



Symmetry:
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2Wp [©] = 29 = Wy o]
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Structure Spectrum

Z =Wy [0] «—— Wy la] 2 Z

I

7%= Ht, o < KsP2zaZ

H
. l lfrf

7 DSl <~—7Ds7
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Structure Spectrum

Z =Wy [0] «— Wy la] 2Z

I

7%= Ht, o < KsP2zaZ

7 DSl <~—7Ds7

Theorem (Generalized Bloch)

For finite local complexity tilings with finitely many tile orientations, the
following diagram commutes in dimensions D < 3

Hl < K,
A
R<—R

y

1. E. Akkermans, Y. Don, J. Rosenberg and C. L. Schochet, Relating Diffraction and Spectral Data of Aperiodic Tilings: Towards a Bloch
theorem, J. Geom. Phys. 165, 104217 (2021).


https://www.sciencedirect.com/science/article/pii/S0393044021000681

Implications

o Since the traces 7/ (H') and 7/ (Ko) commute,
H! represents both spectral and structural properties

o recall 77 (Ky) is the GLT

o The trace 7/7(H') does not describe diffraction S (k)
e except when S (k) consists of Bragg peaks only
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Generalized Bloch — Summary

: v . . Y~ Spectral

1 A (1
Family H Diffraction peaks T, (H ) Gaps
Periodic 7 kn = n PP 7 N = const
Fibonacci Z° kng=p-+q/T PP Z+T11'Z Nyg=gq/T
Thue- 1 1 m 1 =1 1 m
Morse Z®Z5] Ko = 2n+1 2N SC+PP 3 Z[3] N = 3 2N
Period . m 1 11 1 m
Doubling Z®Z|s5] KN = R PP 3Zl3] Nmw= 3 2N
judin- - 757[ez?[]  N/A AC  Z[] Npw=—
Shapiro g 2 2 mN T oN
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© Epilogue

Outline



Summary |

@ C&P tilings exhibit topological content by

Q@ diff. peaks and spectral gaps are analogous: ke =p+qgs=N (vg)
© structural and spectral windings are related: 2Wy [©] = 2g = W [a]
Q@ verified experimentally

Q Aperiodic tilings are fullvy characterized by a topological invariant —
the Cech cohomology H'?

@ the right mathematical tool to answer physical questions
@ allowing to: characterize tilings and count tiles; enumerate Bragg
peaks; label spectral gaps

@ The Bloch theorem is generalized to FLC tilings by H*

@ highlights the connection b/w structural & spectral features of tilings
© furthermore, for C&P tilings, relates structural and spectral
@ for non-C&P tilings, 7/ (H!) is unrelated to diffraction S (k)
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Summary |

@ A new description of diffraction using Bratteli diagrams

@ Can be calculated for tilings with Bragg diffraction spectrum
© Closely related to windings on Bratteli diagrams

@ Diffraction of Thue-Morse tiling is carefully analyzed

@ Characterization of peaks by their growth rate
© Inconclusive experimental results

@ Innovative portrayal of fractals employing tilings and substitutions
@ Novel Gap Labeling Conjecture for fractals is presented

Q@ lopological phase transitions are found

Q@ By flux in fractals
Q By random substitution rules

106



Prospect

@ Bloch Theorem

@ Extend to include windings
@ Explore in dimensions > 4

@ Windings

@ Identify the topological numbers for all 1D tilings
@ Explore in 2D and 3D

@ Calculate diffraction S (k) using Bratteli diagrams

@ for all 1D tilings
@ extend to 2D and beyond

@ Fractals

@ Prove the Gap Labeling Conjecture
@ Identify the proper H?




Name Substitution Substitution on Doublets Self Properties Cohomology Zeta Function Gap Labeling Theorem Properties .
Rule 0, Occurrence M; Rule oy Occurrence My  Eigenvalue Char. Polynomial HY(G) HY(G) ((z) Pisot char. Periodicity
1-=2 . RN
. . a > be 011 2y _1— 1 2 D+q-T cZ Pisot quasiperiodic
Fibonacci gt (18) b be (%6) T AM=A-1=0 z z 1 ._22 pr4q P4
1-2 k s . S
a > aba 2190 2 _ - 1 73 [ S — k,NeZ not primitive limit-quasiperiodic
Cantor Set s d it (33) b ech (319 3 A -8rA+6=0 z 122132 3N
a +— aabe 2110 1—=2 p+q-T . - B
2 = 1 3 S —_— p,q, N €Z non-Pisot limit-quasiperiodic
Non-Pisot 0 g (13) b e (i) - - 5A 450 z i 1 P, quasip
d — bde 0111 1 "
-z . Lo
2 — 1 1 [ — kel Pisot eriodic
Periodic 08 (b et (D 2 ¥ —-22=0 N =2 2 ’
a > be 0110 1—-2 k . -
b bd 0101 2 _ 9y _ 71 73 _ — k,NeZ Pisot aperiodic
Thue-Morse 2% (i1) crrea ((1)33) 2 AT-22=0 (1—22)(1+2) 32N ’
1-2z k o . R
PR a > ababa 320 2 _ - 1 4 [ S— — k,N€Z not primitive limit-quasiperiodic
Sierpifiski 9 — 01010 (32) b e (3 ! %) 3 A2 =5A+6=0 Z Z (1-2:)(1-37) 3N
a — aabc
0 aact %éﬁgﬁ“ﬁﬁ 1 3 -z k ENEZ t primiti aperiodic
s ea e 0 — 0001 310 1 . : 3 7)\2 = 7 VA R S — ,N € not primitive aperiodic
Degen. Sierpifiski 15 (8i1) e T ! NI =0 -3 (1-5) 4N
ddef
g:dd{ég 0002101
1-2 k . . S
— be 011 2 9 _ 1 3 R — — k,NeZ non-Pisot limit-quasiperiodic
Period Doubling 156 (35) Pk (815) 2 AmAm2=0 z z 1—22)(1+2) 3.2 auasip
dbd 01020 _
. 0 202 102 b dbd 9 i 9 5 ? -3 A3 —5\N—1=0 71 73 —1 z l (p+q-7) p,qEZL Pisot quasiperiodic
Girele Sequence 1 i (343) 55 e i Grai-G-) 2
e — acdbd 11120
o bf 01000100
: ik (Rt - ’
. =02 oot d— hf 00000101 4 _9)3 _9)2 - 1 9 — — kNeZ non-Pisot aperiodic
Rudin-Shapiro P (?‘f})}) s 16288080 2 A =203 =202 44X =0 Z Z A-29 (129112 N )
31531 0101 I e dahieRye
h — gc
. 11—z p+ q\/i . .. . L.
a — abc 111 2 _ — 1 3 - —_— ¢, N € Z Pisot limit-quasiperiodic
Skau Example #1 Q2 098, (31) by abe ([1]%) V2+2 M —4A+2=0 Z Z Tt 2 N P:q;
1-2z . NP
a > bea 111 2 _ — 1 2 [ — -T qEZL Pisot quasiperiodic
Skau Example #2 0> 010 (21) b e (it1) T+1 A2—BA+1=0 Z v T pta P
a — abe 1110 . 1-=2 pt+q-T . T
: ] 0 2 _ — 1 5 e — =1 LqEZ Pisot quasiperiodic
Skau Example #3 [1):(1)81 (f}) g:’,’jé’" <é§)%é) T+1 AT =3A+1=0 Z z (142)(1—32+22) 5 P
= Cl
1-z p+aqv2 . . o
a > bea 111 2 _ — 1 2 JESL —_— ,q, N €Z Pisot limit-quasiperiodic
Skau Example 7£4 13 900 (32) b be (?%%) Va2 A-art+2=0 Z z 142122 N P g
e 211 2 3= 1 3 ! L3 k,N€eZ not primitive limit-quasiperiodic
Chacon 9~ 0010 (31 b abch ([1]%%) 3 A —4A+3=0 Z Z 1-32 3N ! p
1-2z . RN
: a — cab 111 2« - 1 2 [ D\ LqETL Pisot quasiperiodic
Golden Mean Squared 0 100 3hH b cab ([1]{%) T+1 A2 —=3X+1=0 Z Z Ta i ptq-M D, q
1-2z . R
5 a — cabcaab 322 2 _ — 1 2 [ A cZ Pisot uasiperiodic
Silver Mean Squared § = 1001000 (3% b cabeaab (ii 2 f) 2243 A —6A+1=0 Z Z 16522 p+a-M 22X q
B3 ceabeantacat 733 3vig 11 2 = 1 2 ez A €z Pisot uasiperiodic
Copper Mean Squared = 1090100010000 (93 b = caabeaabeaaab (; 3 %) 5 T A -1 +1=0 Z Z TP p+aq-\ P q quasip
c 0100 -
00 139 b 16100 M 22 - A+1=0 VA VAS N et pAq-A+r-A2 p,q,7 €L Pisot quasiperiodic
Luck Ternary #1 15k, (41) soE T 2217 A R tope
e ade 10011
a ¢
amc 00100 1—2 5 e asineriodic
Luck Ternary #2 g o ?)2 (g (l: §)> Fad ;’7‘, (é [1]] $ (é z) 1.4656 AMoA2_1=0 7t 73 C— pHqg- AN+ p,q,r €L Pisot quasiperiodic
o e bd 01010
iodi 0w 011 12 @ ach 111 3 A2_3)2=0 VA 7t 1=z k keZ Pisot periodic
Periodic 1-2 ¢z oi (1% b ach 1 1_32 3
1-=2 k . L
s s : a — acch 112 2 4\ = 1 71 = kel Pisot periodic
Periodic 1-3 ‘I iie (%) b+ acch (% 1 5) 4 A —4A=0 Z T4, 2
1-=2 k . Lo
s 1 a > acceh RS 5 2_5)\= 71 YA — keZ Pisot periodic
Periodic 1-4 ettt (4 i (1) g K=o 5
a > abddc 1112 1-2 k . Lo
s as : . : 2_ 5\ = 71 71 = kel Pisot periodic
dic 2- 0 00111 23 b > abddc (111z> 5 A2 —5M=0 —
Periodic 2-3 13 00111 (3%) 3:32%? 1113 1—5z 5
a — abddddc 1114 1—2 k . Lo
s 1. 5 b 1> abdddde 1114 A2 _7A=0 VA VA = keZ Pisot periodic
Periodic 2-5 0= oot (22) ¢ — abdddde <1 H 4> 7 T 7
f d — abddddc 1114
1—2z . NN
a s ch 011 2y 11— 1 2 _ - A SV Pisot quasiperiodic
Golden Mean = do &XD) b ca ([1]&)(1]) T M-X-1=0 Z Z — P+q-A P:q
1-2z . N
: a — cab 111 2_9\_1— 1 2 [ . qEZ Pisot uasiperiodic
Silver Mean 0= 300 35 b caa (5%) V241 AN —22-1=0 VA Z T pP+aq-M D, q quasip
caab : V4 3 1-2 . i 1
Copper Mean = gooo 39 ? 5 g‘?s“ (é (IJ i) 7213 + % A —3\-1=0 VA 72 Tpry—— p+qg-M PqEL Pisot quasiperiodic
5 0 — 001 21 b2 b 1110 3 A2 —4\+3=0 VA 73 ! _k k,N€eZ non-Pisot limit-quasiperiodic
Marginal 13011 &%) ¢ — bde 0111 1-3z 2.3N
d +— bdc 0111
a — aabc 2110 - 1—=z p+q-T . . NN
. : 210 2 _ 5= 1 S - —_— NeZ non-Pisot limit-quasiperiodic
Luck non-Pisot 0o g (1}) b i (31 2 =5\ +5=0 R [ ey LT g
d — dcb 0111
= be o1t vi13 1 2 3= 1 3 1=z pra-A NezZ non-Pisot limit-quasiperiodic
Binary non-Pisot 0= 08 39 ?:{ll)ga (g(l)(l]) 3 T3 A —-A-3=0 Z Z p—— N 0,4 quasi
ae 000010 9
b= f 000001 1 pHqg- AN +r-A] . - S
: _ 1 6 . prqg-MmTr-A _Pis limit-quasiperiodic
Ternary non-Pisot 139 ((1) 0 L1)> R Z ioeon 1.5214 AB—-A-2=0 Z Z Ty o p,q¢,7, N €Z non-Pisot imit-quasiperiodic
2+ 101 120 e — cad 101100
f — cac 102000
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Fig. A.2: Multiplication matrix A (¢, r) for the Period Doubling substitution.

Multiplication Rules for Circle Sequence

10
20
30

40

Fig. A.3: Multiplication matrix A (¢q,r) for the Circle Sequence substitution.
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Fig. A.7: Multiplication matrix A (¢, r) for the Copper Mean substitution.



Thank you for your attention

Most of results and details are
available at :

https://phsites.technion.ac.il/eric/



https://phsites.technion.ac.il/eric/

Summary - the untold part

® Given a topological meaning to the integers labelling
the gaps of the fractal spectrum.

® Proposed a complete algebraic structure to account
for the topological integers (Abelian group structure

isomorphic toz /F\ 7

® This Abelian group is isomorphic to the cohomology
group H 'Y defined on (Bratelli) graphs associated to
the quasi periodic structures.



Name Substitution Substitution on Doublets Self Properties Cohomology Zeta Function Gap Labeling Theorem Properties

Rule 0, Occurrence M; Rule oy Occurrence My  Eigenvalue Char. Polynomial HY(G) HY(G) ((z) Pisot char. Periodicity
Fibonacci 0 01 1y &b (8 | %) T AN _A-1=0 VA 72 =z ptq-T p,qEZ Pisot quasiperiodic
1=0 10 coa 100 1_,_ 22 )
Cantor Set 0~ 010 (2Y) 8 e ([2) 1 g) 3 A2 —B5A+6=0 VA z3 e L3 k,N€eZ not primitive limit-quasiperiodic
10111 03 b cch 063 (1-22)(1-32) 3N ’
N Pi 0 — 0001 31 %333@? %%%8 2 A2 A _ 71 73 1-= ptaq-7 ) NeZ Pis limi siperiodi
on-Pisot g (33 o e G111 T+ —5A+5=0 1 5:552 N p,q, N € non-Pisot imit-quasiperiodic
d > bde 0111 2+ 52
1- k
Periodic s hH ¢ab H 2 A —2)1=0 VA z 17721 3 keZ Pisot periodic
Thue-Morse 0ol (i1 g 5 ZZ gio1 2 A2 _2X=0 VA z3 S _k k,NecZ Pisot aperiodic
L= 10 11 d s cb 3018 (1—22)(1+2) 3.2N ’
a > ababa ; 1- k
Sierpinski 0 = 01010 (33) b 5 Z’c’b b (§ g 2) 3 A2_B5A+6=0 A VA W(lz—&z) ¥ k,NeZ not primitive  limit-quasiperiodic
}, o 1oy > A > \ \ 2AS Y- Acpnne E B
0~ 0001 310 ¢ ane 1-2 k
i inski d — dd 3 _ 72 _ 1 3 e K Lo ..
Degen. Sierpinski i (8 H %) ¢ 0 ddey 4 A —TA2+ 120 =0 Z Z -3 0-1) oy k,N€eZ not primitive aperiodic
f > ddef
g — ddeg
Period Doubling 001 (5 ag (8 1 %) 2 A2-2-2=0 VA z3 = _k k,N€e€Z non-Pisot  limit-quasiperiodic
100 20 ¢ aa 200 (1-22)(1+2) 3.2N 1
0+ 202 102 %H‘fé"f 01030 1 1
Circle Sequence 1 5 02202 (g 0 3) c 5 Zz;igz;g ((1) 202 %) 3 M 32 -5\-1=0 71 73 m 3 (p+q-7) P,qEL Pisot quasiperiodic
e — acdbd 11120
an by 01000100
b be 01001000
in-Shapi s (58”> eo el go680181 2 Moo —224aa=0 7! z° L ul KNz Pisot iodi
Rudin-Shapiro e ac - — = v — s non-Piso aperiodic
gt Hal jni | bR (-eja-ea+s 2
b ge 00100010
Skau Example #1 0~ 001 21 o ape (% 1 %) NoE®) A2 —4r42=0 7 73 _ e ptav2 o, NeZ Pisot limit-quasiperiodic
1= 0lo1 22 ¢ s bebe 022 1— 4z + 222 oN »
be 1-—
Skau Example #2 0= 0i0 3hH (é 5 Z;Z ([}} i i) T4+1 A —-3\+1=0 VA 7?2 ﬁ p+q-T PqEZ Pisot quasiperiodic
Skau E le 43 0~ 001 21 3 abd 1169 1 A3 4+1=0 71 75 1-= ptg-7 7 P d
a — = 5 - - = £g14 ° g€ isot : PN
au Example # =% 31 on i 1070 T+ + 90379 R D,q iso quasiperiodic
Skau Example #4 0010 (21 0 b ([1) 3 %) V242 A2 —4N+2=0 VA z? _l=e ptav2 NezZ Pisot limit-quasiperiodic
P 1+~ 1001 22 o e 143 = 1—dz+2:2 oN y2X’h q p
a — abca 211 . 1 k
Chacon 9 = 9010 3hH b= abeb ([1) 2 %) 3 AN —4x+3=0 VA z? =3 v kE,N€Z  not primitive limit-quasiperiodic
-3z
a — cab 1-
Golden Mean Squared 0 100 3hH b 5 cab (i % i) T+1 A —3\+1=0 A 7? ﬁ p+aq-\ p,qEZ Pisot quasiperiodic
: 1-—
Silver Mean Squared 9~ 1001000 (32) e EZ}??Z% (% % %) 2243 A2 —6A+1=0 VA 7?2 ﬁ p+aq-\ p,qEZ Pisot quasiperiodic
c — cai — 0z ¥4
a — caabcaabcaaab 733 3v13 11 1—2z
0+ 1000100010000 103 b beaabcaaab 2 _ 1 2 i osineriod:
Copper Mean Squared 97 160 (9% b=y caabeaabeaaa (; 3 §) 5 + 5 A —11A+1=0 Z Z T 1522 p+q-M p,qEL Pisot quasiperiodic
0+~ 01 110 b3 e 10100 1—-2
= 3 _9)\2 _ — 1 3 - . 22 : Scineriadi
Luck Ternary #1 102 (% 0 %) o be (8 100 %) 2.247 AT =2 =A+1=0 7 Z 12253 pHqg-A+r-A] p,q," €L Pisot quasiperiodic
e ade 10011
02 001 P2 20600 1-=2
Luck Ternary #2 126 (1 0 o) G be 01001 1.4656 N-A2-1=0 A 73 —_— ptqg-M+r-A  pqreZ Pisot quasiperiodic
215 12 011 4 be 91100 1— 42— 3
¢ 1-— k
Periodic 1-2 0 o1t (12) b5 o (i i i) 3 AZ—3A=0 A z — 322 3 keZ Pisot periodic
.. . a - acch 112 1-=2 k . Lo
Periodic 1-3 ot (13) b acch (% 1 5) 4 A —4x=0 VA VA T 1 keZ Pisot periodic
. . a — accecb 113 11—z k . . .
Periodic 1-4 0 o1 (14 b aceet (% ! g) 5 A2 —5A=0 A z —— . kez Pisot periodic
) a > abdde 1112 1—2z k
Periodic 2-3 0 oot (33) b = abdde (% i %) 5 A2 —51=0 VA 7t T E keZ Pisot periodic
d — abddc 1112
§2 ke Lo £
Periodic 2-5 0 0011111 22 ¢ 5 abdddde 1114 7 A2 —TA=0 VA VA - - = keZ Pisot iodi
eriodic O oo (33) o > abdddde <% i i) T 7 iso periodic
Golden Mean 0= 10 1y fag: P01 T M —-A-1=0 A 7* L +q-A €z Pisot uasiperiodic
100 10 o 510 = 1_._22 pPTq-Al b, q quasip
Silver Mean 0~ 100 21y 03 b (E 0 i) NoES M2 —1=0 A 72 o= pHa-M P qEL Pisot quasiperiodic
Lo 1o ¢ b 010 1_9,_ .2 )
a > caab 211 V13 3 1-2
0+ 1000 31 b~ caaa 2 _ 1 2 i cineriods
Copper Mean ' 38 b e (3 9 (1)) - + 3 M =3A-1=0 Z Z =52 p+aq-\ p,qEL Pisot quasiperiodic
a > abe 1110 1 k
Marginal P30 (13) b ke <(11 it [1)) 3 A —4X+3=0 z z? 13 53N k,N€Z non-Pisot limit-quasiperiodic
d +— bde 0111 >
i 0~ 0001 31 63 Gabd 5109 2 _ e\ 45 1 5 1-2 pt+q-T . o L
Luck non-Pisot =0 33 ¢ dca 1ol T+2 A =bA+5=0 Z Z m T p,q, N €Z non-Pisot limit-quasiperiodic
. . 0 01 11 a +— be 011 \/13 1 2 0 1 3 1—=z p+Q')\1 . L. - L.
Binary non-Pisot 13 000 (3 b be ([3) p (1)) 5 + 5 AM=A=-3=0 Z Z Fp—y By p,q, N € Z non-Pisot limit-quasiperiodic
ar— e
b f 000009 a2
b 02 001 s b 900008 3y o 1 6 1 pHqg-A+r-A] b L
Ternary non-Pisot 120, ({ 9 8) ; Sa i § [21) g § § 1.5214 AP=A=-2=0 Z Z g — TN p,q¢,, N €Z non-Pisot limit-quasiperiodic
= cac




Fibonacci for Letters

Fibonacci for Nodes

Fibonacci for Edges

$D=101

m () =m
ai(1) =0

: g .
1 = Ty "'l _.""‘ 2—'7'

0 1 1 2
H'> 7' H ~F
0 11 oafa) = be
M=l 0o 1 1], eub)—te
1.0 0 aale) = a
e = (27-3 2-7 2-7)

Fibonacci for Frames

Gape: p+g-7N[0,1] fax pgz &

Pisct | |J\§”| = 7 — 1), quasiperiodic
. 1-2
Inflation: ((2) = 5

€=1010



Thue-Morse for Letters Thue-Morse for Nodes Thue-Morse for Edges Thue-Morse for Frames

H'=z' H =Z° H'=Z' H'=Z° H'=Z' H'=Z’ H'=Z' H'=Z°
4 h v — ’ . &
LR ayla) = b Caps: v N0L)y for RNCZ
\f '/ 1 1 ‘ 01(0)=C’] Mo — D1 D1 d'z:l')’=l'7d 3.2
L1l sy =10 Tl o010 oc) = ca
0110, oy d) = cb Piso. (I/\.‘;'I =0), aperxdic
, . . 1-2




Penrose Tiling

Aa==1 Ag=-1/7
:\2‘—' 1 Ag_= 1_'7'
k’l -] ;\’_ '—1.'7
ne= 1 Ag = 10T
Ao — =1 Ae — =ltr
Ad==-1 Ap=1

-'-.- 1 'A:‘-T
Jm——l Ao — 1 7
==-1 Ax=1 q

- o= 1 AgwmT
A =-1 Ao = -11" A —=1 Ay — —w
}. = —: -‘\':2 = '—l/" A== Ag = -w
Ny w Moy = LiT Mg i Apw w
A= -1 )w; — l_l.f )tu == A;l - -
A — -1 Ass =174 Ay =1 Ap = —w
Ap = -1 A =7 A =1 Ay, = =
-t? = —: -‘\.;1' =1 Air —1 Ay — —wt‘.
g - ’2‘«‘!-'." -‘.m-i .A“- ur
Ay = =i A = 1:;7" A =i Ay, = =
.tm - -‘\'su = A =1 A= =
R TR | ALl W

Al = —i Apn=—-w

Ais —1 A — —w

Ay =i A= w

A, =1 Ao = —w

A —1 Awy — =’

}qr = T :‘0_2,7 = ..."

Az — =7 A — =’

,‘um = -7 "':'0 = u."' *4 ( ®2
)\;u =-=1/r .’uu = —u*

—
ter Je e e
- & e e
] [ ||
oy -
-

(24D (22 =z~ l)2
(z—1)(-2+2+1)(s2—32+1)

(2)— -

ot >~ *3

|

Inflation for Faces, H* = Z* Inflation for Vertices, H" = Z*



Summary - the untold part

Given a topological meaning to the integers labelling
the gaps of the fractal spectrum.

Proposed a complete algebraic structure to account
for the topological integers (Abelian group structure

isomorphic to Z/FyZ
Generalisation to other substitutions

Generalized Cut&Project
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@ The )\ is fixed per substitution
@ How to change A1 continuously? By Cut and Project

Frequency




@ The \; is fixed per substitution
@ How to change A; continuously? By Cut and Project
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Wannier Butterfly

E. Levy, F. Mortessagne, U. Kuhl, E.A, 2016



Wannier Butterfly

( N\ ( N\ ( )
Cut & Paste Phase space Gap labeling theorem
Y |
27 . < ,9%/ f [DOS(a)q):_a(a)q):
. X /” "3 =¢gs mod(1)
/\ b ' B ge Z
00000 J | . y
Scattering phases: B é f b
6(w), a(w) g IDOS (W)
= 1
Fheness 4s mod(1)
: -smod(1)
£ S S 2s mod(1)
0
\ Wy, Wi Wy w
~
1 [ day(o)
Topological B aq(®)
winding Wiag)= g/‘hﬁW =29
0
U J

E. Levy, F. Mortessagne, U. Kuhl, E.A, 2016



Ambiguity for winding numbers




