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that (K, d) is complete and that HKE(W) holds. Then:

2
A ig:)ﬁ‘) 0="u e F, I'(u,u)L p.

(a) lim inf lim inf
A—> 0O rd 0

Example: Scale irregular SGs (Hambly '92, Barlow—Hamny 97)

A A p;

A vy
Vi A A AL

=2 (=3 ¥¢=4
Thm(BarIow—Hambly’97).V(£n)n>1 bounded
(K, dgeo, prunic, { X' }¢) satisfies (2 3,4,€4,L5,...)

HKE(\IJ(gn)) with \Il(gn)(fl_ R k )Zﬁ . . -E;sz.
¥ (e,,) (1)

min

RN\Bip, > 2
> C( ) (£n) wEF
\I’(En)(r) I‘(u u)J_u.
Rmk(Hino—Yasui'22).I"(u, u) L i for wider class of random SGs and L.

Prop. 0<Vr <R <1,
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Conj 2 (K.—Murugan AOP '20). Assume that
(K, d) is complete and that HKE(W) holds. Then:

(b)¢ lim, o7 2T (r)=0="u € F, I'(u,u) L p.
Example: Thin scaleirregular SGs (suggested by Barlow, '19)

A A A
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A A A A A A

AAAAA AAAAAA AAAAAAA

Thm(K ’22) For a/ny (En)nzl, N A VT VT W

(K {1 s digeos punit, { X7 }¢) satisfies Ky ™=
M R p oM p— _

HKE(W (5, )W (;,)) With Wy (€7 -« - 07 ) 1= pug, - - + pugy,

\I!?én) (21_1 .o E,:l) :=1Tyg, + - Tg, & linear interpolation.



Conj 2 (K.—Murugan AOP '20). Assume that
(K, d) is complete and that HKE(W) holds. Then:

(b)¢ lim, o7 2T (r)=0="u € F, I'(u,u) L p.

Example: Thin scale irregular SGs (suggested by Barlow, '19)
A A N
AA A4 O
Mix A A A A AA AA
A A A A A A
AAAAA AAAAAA AAAAAAA

=5 ¥£=6 £=T
Thm(K.’22). For any (£n)n.>1, AV AV EVEVE
(Kffl?n) s dgeos hunif s {X?M}t)_satisfies Kfﬁ{ﬁ’12’£4"")
HKE(W(y, Wy, )) with Wy (87" -8 1) i= pup, - -+ sy,
\I!?én) (21_1 .o E,:l) :=1Tyg, + - Tg, & linear interpolation.

Thm(K.’22). For any (£,)n>1, " u € F, T'(u,u) L u.
Yy >
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3 General setting & conditions for HK estimates

>(K,d, u, E, F): strongly local reg. symmet. Dir. sp.
> { Xt }+>091Px foek,): p-sym. diffusion, no killing
> W: homeo. on [0,00) with 1 <73 <731, Je>1,

0<"'r<"R, ¢ "(R/r)?°<T(R)/¥(r)<c(R/r).
>P(R,t):=Py (R, t):= sup,o(R/r —t/¥(r)).
HKE(®): “pi(z,y), 't > 0, (u-almost)"z,y € K,
pe(x,y) X cu(B(x, (1)) exp(—é®(d(z,y),t)).
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>P(R,t):=Pg(R,1):=sup,sg (R/r — t/\Il(r))
HKE(®): “pi(z,y), 't > 0, (u-almost) z,y € K,
pe(x,y) <X cpu(B(x, © (1)) exp(—é®(d(x,y), t)).
VD:7¢cp >0, 0< u(B(x,27)) <cop(B(z,r)) < oo.
PI(¥):7cp >0, 7A>1, "2 € K, "r >0, u € F,
fB(m,T) u—uB ) ‘zdug cp W (1) fB(m,Ar)dI‘(u, u).



VD:“7¢cp >0, 0< u(B(z, 2r)) <cpu(B(z,r)) <.

PI(P):7cp >0, "A>1, "z € K, 'r >0, "u € F,
—_B(o.r) |2

fB(w,r)|u—uB( ’ )‘ du<cpP(r) fB(w,Ar)dI‘(u, u).

CS(¥):7cs>0, "z € K, "R,7 >0, "¢, r, € F,

1B(x,R) < @i= Szm,R,r < 1B(x,rR+r) 9-€., Yu € F,
[EAL(P) < [y, 0\ Ba(e) 597 (W) + gy u’d
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Murugan JFA '20, cf. Barlow—Bass—Kumagai '06, Lierl '15)
Assume that (K, d) is complete. Then Lcrucial for us!

HKE oni(¥)<VD+PI(P)+CS(WP)+quasiGeodesic(d).
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— B(g.r) |2
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Prop(Reverse Pl).If h€ F N L™ & h|pg(x,2-) is harmonic,
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Proof of Thm 1-(a) for u|y harmonic. By contradiction.

If f:= () v, ac 20, "Lebesgue pt x €V of f, f(z)> 0.

du|v
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W (P)SA°T (7 /) for small ~ depending on \. Contrdct!



