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IFS Convolution of measures
v, € B([-1,1])

(v () = [[ F@+Bdp@)av(s) | € C(-1,1])
(v 25 () = [[ £+ (1 = 9)B) du(@)dv(8) 5 € [0,1]

Vks L= UKFU, VKQ U=V, VKL= U 6b=1-9¢
v e YT

vxg - b — V k5 b «—= IFS Convolution operator
Ts () = v*s i

For any ¢ € [0,1) the above defines a transformation 75, from

the space M([—1,1]) of probability measures to itself
The transformation 75, is a contraction in M([-1,1]) w.r.t.

the weak x topology — i.e the Hutchinson’'s metric

Tso (o) = ™5 T, (0") = p’
Hutchinson 1981, Barnsley DemRo 1985, Elton 1989, Mendivil 2000
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Ton (W) = e (D) = [[ £62+ (1 = 6)B) du()dv(8)

73},/(;;(4)) =ty Ts(W5) = p

v = ZﬂjAﬁj ¢s(B,x) =0x+6B, d=1-96
Ll

TP = 3w [ (62 +36) d* () = [ £(@) du* (@)

J=1
p* is the balanced measure of an M-maps homogeneous IFS
with contraction ratio 0 and fixed points g;

If Supp(v) has infinite cardinality, u* is the balanced measure
of an IFS with infinitely many maps.

I am convinced that this is a very natural class of measures
to consider, and thinking about the usual ifs measures in this
context is very illuminating. My guess is that there may be
a lot more that can be said in the future about this class of
measures. R.S.S.
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Ts, (") = p* == pu* = ds(v)

For any § € [0,1) the above defines a transformation ®5 from
the space M([—1,1]) of probability measures to itself

vo — ¢5(1/0) =V — q)(;(l/l) = Cbg(l/o) =V — ...

I I I

Initial measure First generation IFS Second generation IFS

1
vy = E(A_l +A_1) — <1>%(Vo) =] — Ps(v1) =10

Y Y Y

Bernoulli measure Devil's staircase can’'t find a good name



The first IFS in histr

Phocea: Ancient Greek port in_Asia Minor,
the northernmost city of Ionia, established
c. 1000BC. The city was one of the first to
colonize the Western Mediterranean
(founded Massilia, modern Marseille). After
being besieged in 545, most of its citizens

left for Elea (Velia) in Ttaly.
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Zeno’s Cat: a one-map IFS
To (no) = 1", Ts,(u*) = p* 1
’ * * "k 0= —, = Ay, = A
T (u®) = p* == " = ®4(v) > T T0 o= A

x/4 x/2

p2 = Ts(n1) = Dya n1 = Ts, (o) = Dy /o Ho = Ag
pn = " =®1(v) = Do =V Zeno of Elea (488 BC — 425 BC)
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B Alice’s Cat(s)

o) XX X 3

1 2 0 1 0
x; = 0(x; — By) + B = wi41
B; is sampled from the distribution vg(3)

The Bernoulli cat: vg = %(A_l + Aq)
1 N-1 )
— D Au = pt=d5(0) =11

N i=o

1
vy = E(A—l + A1) — P1(vg) =v1 — Ps(v1) =10

| ] |

Cheshire cat Alice who is this 7
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AT =
o) XX X /.3

1 2 0 1 0
x; = 0(x; — By) + B = wi41
B; is sampled from the distribution vg(3)

The Bernoulli cat: vg = %(A_l + Aq)
1 N-1

— Y Dy = pt =ds5(vp) =11
N /=5

1
vy = E(A—l +Ap) — CD%(Vo) = v — Ps(v1) =10

zi = 0(2 — ;) + 2, = zj41
1 N—-1

— A, — P =
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Vo IS @ pure-point measure,

v1 IS s.C. supported on the Cantor
What are the properties of v 7

set K.
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The support of the measure

:
Thm. Let Supp(y;), Supp(v;41) be the support of v; and v;4 1.
For any 6 > 0, Supp (v;) C Supp(v;4-1) C Brs(Supp(v;)).
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The support of the measure

Ao B={a+b, ac Abec B}
5A = {ba, a € A}
Supp(vj41) = ®5=¢ ¢’ Supp(y;)

1. .
Supp(r1) = Bj=¢ (g)J {-L,1} =K
: N
Supp(rp) = @52 ¢! K = zU1 I
Thm. M. - Peirone (2017) Let > 5= o be a convergent series
of real positive entries and let K be a non—empty compact set
admitting a construction of uniformly lower-bounded dissec-
tion. Then:
The series ;?;0 ajK is convergent.
Any permutation of its terms vields the same value for the
sum of the series, which is a finite union of closed intervals.
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The nature of the measure
v — CD(;(I/Q) =V — CD(;(I/l) — Cbg(l/o) =VvVyp —> ...
Thm. The measures v;, : > 1 are of pure type.

Thm. If v; is a.c. with bounded density, so is v;4 1.

Example. When g is the Lebesgue measure on [—1, 1],
v1 IS a.c. and its density p(v1) is infinitely differentiable.
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p(u;x)
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The P-F-R operator
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Vo = —(A 1 -|-A 1) — P2(vo) = v — ®5(11) =12

Pian (@) = - [ (9=
i = P = PR~ 7 - v -1
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™ The Sobolev dimension

Numerical Experiments in Fourier Asymptotics of
Cantor Measures and Wavelets A(t) = / du(s)e—its

Prem Janardhan, David Rosenblum and Robert S. Strichartz

(v 25 () = [[ £+ (1 = 8)B) du(w)dw(8)

(v s 1)(t) = 0(5t) i(8t)  Eltonand Yan (1989)
i(t) = 0(3t) p(st) = v(8t) v(86t) (86%t) = [T 9(567¢)

o0 7=0
My(aPiz) = [ AR dt
dg(p) :=sup{s € R s.t. M1(|fi|%; s) < oo}

ds(p) <1 =ds(pu) = Da(n)
ds(pn) > 1= p a.c. with density in L?,
ds(n) > 2 = p a.c. with a continuous density
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m 215 log (2
My (|a%; 2) :=/1 2~ a(t)|? dt __log(®)

Numerical Experiments

h

0
My ([ 2) = h /O ehT|fi(e" Y2 dr

o0
= h/o e(”"h‘|'1)7|ﬁ(e’”)|2 e~ Tdr «—— Laguerre integration

n
=h ) e(Zh+1)9?|ﬁ(eh9?)|2 w;® <« Laguerre points and weights
1=1
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Pade’ extrapolation
My(af%2) == [ ETHawR d

P _

n 1(Zl), l=1,...,2m <« Multipoint Pade’
Qm(zl)

dg(p) :=sup{s € R s.t. M1(|fi|%; s) < oo}

dg(p) ~ smallest real zero of Qm(z)

M1 (|5|%; z) =

1
vy = 5(A_l + A1) — Pypp) =v1 Lebesgue measure

() =" 5 () = 2
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>0
Mi1(|af?; 2) = /1 L a)|? dt

vi(t) =

1.2

1.1
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sin(t)

= dg(v1) =2

Pade’ extrapolation
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>0
Mi1(|af?; 2) = /1 L a)|? dt

Fi(t) = sin(t)

= dg(v1) =2

Pade’ extrapolation

2. ) ~ Ppr—1(2)

My (|@ o)
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Pade’ extrapolation
My(af%2) == [ ETHawR d

P _

n 1(Zl), l=1,...,2m <« Multipoint Pade’
Qm(zl)

dg(p) :=sup{s € R s.t. M1(|fi|%; s) < oo}

dg(p) ~ smallest real zero of Qm(z)

M1 (|5|%; z) =

1
vy = E(A_l +A_q)— ¢1/2(V0) =y — L ebesgue measure

e sin(t)
ri(t) = ——=ds(v) =2
1 : :
vy = 5(A_l + A1) — ®y/3(0) =11 ——— Devil’s staircase

- s 2 log 2
I/l(t) = jl:[o COS(3j+1t) = dS(Vl) = 1093
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>0
Mi1(|af?; 2) = /1 L a)|? dt
0

- 2 log 2
n() =[] cos(3j_|_1t) = dg(v1) =

Pade’ extrapolation
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>0
Mi1(|af?; 2) = /1 L a)|? dt

7t = ] cos(

4

Pade’ extrapolation

Pm—l(z)

Qm(z)

2 log 2 ~
3it) = ds(r) = 003 My (|f|?; 2) ~
J=0
X

Zeros of Qa
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Pade’ extrapolation

O
M1 (|2 2) = /1 == Ha(e)[? dt

Pm—l(zl)
Qm(zl) ’
dg(p) :=sup{s € R s.t. M1(|fi|%; s) < oo}

dg(p) ~ smallest real zero of Qm(z)

M1 (|E|?; z) = l=1,...,2m <« Multipoint Pade’

1
vy = 5(A_l +A_1) — <I>1/2(1/0) =y <+« Lebesgue measure

e sin(t)
ri(t) = ——=ds(v) =2
1 : :
Vg = 5(A_l + A1) — Pya3(0) =v1 T Devil's staircase
S 2 log 2
1 (t) = coS(——=t) = d =
r1(t) jl;[O (Gt = ds(n1) 003

vg — Cb(;(l/o) =vy — q)(;(l/l) =1 «——— 2-nd generation IFS
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Spectral transition

vg — CD(;(V(_')) =vy — CD(;(I/]_) = vy 2-nd generation IFS
vy = %(A—l +A_q) ~—— Bernoulli measure

_1 1
1—26

1— 26 — 262
_— —— ]st gen IFS

Devil’'s staircase

Supp (v1) C Supp(vr) C 325(SUDD(V1)).

™ - <] log 2
p1(t) = [ cos(367t) = dg(v1) = —
79 log o
() = [ cos(828F*t) = dg(r2) =7 —— 2nd gen IFS

7,k=0
ds(v2) = Da(12) <1 = v S.C.
ds(v») > 1 = 1n a.c. with density in L?,

ds(vn) > 2 = vp a.c. with a continuous density
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Spectral transition

My (|af%; 2) = t*~Ha)[* dt
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§=1/10
dS ~ 01

Conjecture: there is a transition value of 4 from s.c. to a.c.

§=2/1
dg ~ 1.08

5 =4/10
de > 2
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Conclusions
Ts, (") = p* == pu* = ds(v)

For any § € [0,1) the above defines a transformation ®5 from
the space M([—1,1]) of probability measures to itself

vo — ¢5(1/0) =V — q)(;(l/l) = Cbg(l/o) =V — ...

I I I

Initial measure First generation IFS Second generation IFS

1
vy = E(A—l +A_1) — cD%(Vo) =v] — cl9%(1/1) = v

Y Y Y

Atomic measure singular continuous absolutely continuous

To be continued... m
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