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abstract of the talk

The talk will discuss several approaches to study non-linear non-Lipschitz
PDE-like equations on fractals, in particular the joint work with Michael Hinz and
Anna Rozanova-Pierrat, and also [Hinz-Meinert], [Falconer-Hu], [Strichartz et al.]
I also will discuss a general infinite dimensional framework in a joint work with
Maria Gordina and Michael Röckner Ornstein-Uhlenbeck processes with
singular drifts: integral estimates and Girsanov densities. We consider a
perturbation of a Hilbert space-valued Ornstein-Uhlenbeck process by a class of
singular nonlinear non-autonomous maximal monotone time-dependent drifts. The
only further assumption on the drift is that it is bounded on balls in the Hilbert
space uniformly in time. First we introduce a new notion of generalized solutions
for such equations, which we call pseudo-weak solutions, and prove that they
always exist and obtain pathwise estimates in terms of the data of the equation.
We show that pseudo-weak solutions have continuous sample paths and the laws
are absolutely continuous with respect to the law of the original
Ornstein-Uhlenbeck process. We obtain integrability estimates of the associated
Girsanov densities. Some of our results concern non-random equations as well,
and results are new even in finite-dimensional autonomous settings.
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Non-linear equations on fractals: outline of the talk

Introduction

I Kigami ((1989) – current)
I Strichartz et al. (2004 – )
I Falconer–Hu (1999–2012)
I Lancia, Vélez-Santiago, Vernole (2019)
I Hinz–Meinert (2020–2022)
I joint with Michael Hinz and Anna Rozanova-Pierrat (2021 – current)

joint with Maria Gordina and Michael Röckner
Ornstein-Uhlenbeck processes with singular drifts:
integral estimates and Girsanov densities

I selected technical details

Motivation (as time permits)

This is a part of the broader program to develop probabilistic, spectral and
vector analysis on singular spaces by carefully building approximations by
graphs or manifolds.
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Kigami ((1989) – current)

2:00–2:45pm Jun Kigami (Kyoto University, Japan) Conductive Homogeneity of
Compact Metric Spaces and Construction of p-Energy

In the ordinary theory of Sobolev spaces on domains of Rn, the p-energy is defined
as the integral of |∇f |p. In this paper, we try to construct a p-energy on
compact metric spaces as a scaling limit of discrete p-energies on a series of
graphs approximating the original space. In conclusion, we propose a notion called
conductive homogeneity under which one can construct a reasonable p-energy if p
is greater than the Ahlfors regular conformal dimension of the space. In particular,
if p = 2, then we construct a local regular Dirichlet form and show that the heat
kernel associated with the Dirichlet form satisfies upper and lower sub-Gaussian
type heat kernel estimates. As examples of conductively homogeneous spaces, we
present new classes of square-based self-similar sets and rationally ramified
Sierpinski crosses, where no diffusions were constructed before.
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Strichartz et al. (2004 – )
P.E. Herman, R. Peirone, R.S. Strichartz,
p-energy and p-harmonic functions on Sierpinski gasket type fractals.
Potential Anal. 20 (2004), no. 2, 125–148.

...

R. Shimizu,
Construction of p-energy and associated energy measures on the Sierpinski
carpet,
arXiv:2110.13902

Shiping Cao, Qingsong Gu, Hua Qiu
p-energies on p.c.f. self-similar sets
arXiv:2112.10932

Fabrice Baudoin, Li Chen
Sobolev spaces and Poincaré inequalities on the Vicsek fractal
arXiv:2207.02949
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Previous Up Next

Citations From References: 17 From Reviews: 2

MR2032945 (2004k:31023) 31C45 28A80 31C20

Herman, P. Edward [Herman, Paul Edward] (1-CHI) ;
Peirone, Roberto (I-ROME2) ; Strichartz, Robert S. (1-CRNL)

p-energy and p-harmonic functions on Sierpinski gasket type fractals. (English
summary)

Potential Anal. 20 (2004), no. 2, 125–148.

For 1< p <∞ the classical p-energy of a suitable function u is defined to be the integral
of |∇u|p, where ∇ is the gradient. The techniques in [J. Kigami, Analysis on fractals,
Cambridge Univ. Press, Cambridge, 2001; MR1840042] for the case p= 2 are extended.
That is, the fractal is approximated by a sequence of “grids” endowed with their discrete
p-energies. A nonlinear renormalization problem is solved to find an appropriate scaling
factor and a corresponding self-similar discrete p-energy. This makes it possible to
construct a limiting model, analogous to the case p = 2, via an increasing sequence
of discrete p-energies. The existence proof relies on Schauder’s fixed point theorem.
The uniqueness of the p-energy remains open. A function is called p-harmonic when
it minimizes the p-energy subject to boundary conditions. Its uniqueness is again only
conjectured. Numerical approximations for the Sierpiński gasket are presented. The
existence proof is generalized to “weakly completely symmetric fractals” in the sense of
[R. Peirone, Boll. Unione Mat. Ital. Sez. B Artic. Ric. Mat. (8) 3 (2000), no. 2, 431–460;
MR1769995]. Volker Metz

References

1. Jonsson, A.: ‘Brownian motion on fractals and function spaces’, Math. Z. 222 (1996),
495–504. MR1400205

2. Kigami, J.: Analysis on Fractals, Cambridge Univ. Press, 2001. MR1840042
3. Kigami, J., Strichartz R. and Walker, K.: ‘Constructing a Laplacian on the diamond

fractal’, Experiment. Math. 10 (2001), 437–448. MR1917429
4. Lindstrom, T.: ‘Brownian motion on nested fractals’, Mem. Amer. Math. Soc. 420

(1989). MR0988082
5. Metz, V.: ‘Hilbert projective metric on cones of Dirichlet forms’, J. Funct. Anal.

127 (1995), 438–455. MR1317725
6. Metz, V.: ‘Renormalization contracts on nested fractals’, J. Reine Angew. Math.

480 (1996), 161–175. MR1420562
7. Peirone, R.: ‘Convergence and uniqueness problems for Dirichlet forms on fractals’,

Boll. Un. Mat. Ital. (8) 3-B (2000), 431–460. MR1769995
8. Sabot, C.: ‘Existence and uniqueness of diffusions on finitely ramified self-similar

fractals’, Ann. Sci. École Norm. Sup. (4) 30 (1997), 605–673. MR1474807
9. Strichartz, R.: ‘Function spaces on fractals’, J. Funct. Anal. (to appear). MR1962353

10. Strichartz, R. and Wong, C.: ‘The p-Laplacian on the Sierpinski gasket’, in prepa-
ration.

Note: This list reflects references listed in the original paper as

accurately as possible with no attempt to correct errors.

c© Copyright American Mathematical Society 2022



Falconer–Hu (1999–2012)

K. Falconer, J. Hu, Jiaxin; Y. Sun,
Inhomogeneous parabolic equations on unbounded metric measure spaces.
Proc. Roy. Soc. Edinburgh Sect. A 142 (2012), no. 5, 1003–1025.

K. Falconer, J. Hu,
Nonlinear diffusion equations on unbounded fractal domains.
J. Math. Anal. Appl. 256 (2001), no. 2, 606–624.

K. Falconer, J. Hu,
Non-linear elliptical equations on the Sierpinski gasket.
J. Math. Anal. Appl. 240 (1999), no. 2, 552–573.

K. Falconer,
Semilinear PDEs on self-similar fractals.
Comm. Math. Phys. 206 (1999)

Sasha Teplyaev (UConn) NON-LINEAR EQUATIONS ON FRACTALS July 20, 2022 9 / 55



Previous Up Next

Citations From References: 3 From Reviews: 0

MR2981021 35K91 35D30 35R02

Falconer, Kenneth J. (4-STAN) ; Hu, Jiaxin [Hu, Jiaxin1] (PRC-TSI) ;
Sun, Yuhua [Sun, Yuhua1] (PRC-TSI)

Inhomogeneous parabolic equations on unbounded metric measure spaces.
(English summary)

Proc. Roy. Soc. Edinburgh Sect. A 142 (2012), no. 5, 1003–1025.

This paper is concerned with weak solutions to the Cauchy problem for the semi-linear
parabolic equation

(1) ut = ∆u+up + f(x), t > 0, x ∈M, u(0, x) = φ(x),

where p > 0 and the functions f, φ:M → R are measurable and nonnegative, with (M,d)
a locally compact separable metric space and µ a Radon measure onM with full support.

Depending on the fractal dimension α and the walk dimension β ofM , local and global
existence and regularity properties of solutions to (1) are investigated. Conditions for
these properties are imposed on the heat kernel as well as on the functions f, φ. In
particular, conditions for non-existence and local/global existence of solutions to (1)
are provided. The regularity of solutions of (1) is studied in terms of Hölder continuity
exponents. Sergey Dashkovskiy

References

1. C. Bandle, H. A. Levine and Q. S. Zhang. Critical exponents of Fujita type for
inhomogeneous parabolic equations and systems. J. Math. Analysis Applic. 251

(2000), 624–648. MR1794762
2. M. T. Barlow. Diffusions on fractals, Lecture Notes in Mathematics, vol. 1690, pp.

1–121 (Springer, 1998). MR1668115
3. M. T. Barlow and R. F. Bass. Brownian motion and harmonic analysis on Sierṕınski

carpets. Can. J. Math. 51 (1999), 673–744. MR1701339
4. M. T. Barlow and E. A. Perkins. Brownian motion on the Sierṕınski gasket. Prob.

Theory Relat. Fields 79 (1988), 543–623. MR0966175
5. M. T. Barlow, R. F. Bass, Z.-Q. Chen and M. Kassmann. Non-local Dirichlet forms

and symmetric jump processes. Trans. Am. Math. Soc. 361 (2009), 1963–1999.
MR2465826

6. Z.-Q. Chen and T. Kumagai. Heat kernel estimates for jump processes of mixed
types on metric measure spaces. Prob. Theory Relat. Fields 140 (2008), 277–317.
MR2357678

7. K. Dalrymple, R. S. Strichartz and J. P. Vinson. Fractal differential equations on
the Sierṕınski gasket. J. Fourier Analysis Applic. 5 (1999), 203–284. MR1683211

8. K. J. Falconer. Semilinear PDEs on self-similar fractals. Commun. Math. Phys. 206
(1999), 235–245. MR1736985

9. K. J. Falconer and J. Hu. Nonlinear diffusion equations on unbounded fractal
domains. J. Math. Analysis Applic. 256 (2001), 606–624. MR1821760

10. H. Fujita. On the blowing up of solutions of the Cauchy problem for ut = ∆ +u1+α.
J. Fac. Sci. Univ. Tokyo (1) 13 (1966), 109–124. MR0214914

11. A. Grigor’yan, J. Hu and K.-S. Lau. Heat kernels on metric measure spaces and
an application to semilinear elliptic equations. Trans. Am. Math. Soc. 355 (2003),



Commun. Math. Phys. 206, 235 – 245 (1999) Communications in
Mathematical

Physics
© Springer-Verlag 1999

Semilinear PDEs on Self-Similar Fractals

K. J. Falconer

Mathematical Institute, University of St Andrews, North Haugh, St Andrews, Fife, KY16 9SS, Scotland.
E-mail: kjf@st-and.ac.uk

Received: 11 December 1998 / Accepted: 22 March 1999

Abstract: A Laplacian may be defined on self-similar fractal domains in terms of a suit-
able self-similar Dirichlet form, enabling discussion of elliptic PDEs on such domains.
In this context it is shown that that semilinear equations such as1u+up = 0, with zero
Dirichlet boundary conditions, have non-trivial non-negative solutions if 0< ν ≤ 2 and
p > 1, or if ν > 2 and 1< p < (ν + 2)/(ν − 2), whereν is the “intrinsic dimension”
or “spectral dimension” of the system. Thus the intrinsic dimension takes the rôle of the
Euclidean dimension in the classical case in determining critical exponents of semilinear
problems.

1. Introduction

Recently a great deal of effort has gone into defining a Laplacian operator for functions
on fractal domains. This has led to a study of linear PDEs, such as the heat equation and
linear eigenvalue problem, on fractal domains, see for example [4,8,10,12,14].

There are considerable difficulties in defining the Laplacian on a general fractal set
and several definitions have been proposed that are applicable to certain classes of fractal.
For example, [10,12] define a Laplacian as the limit of discrete differences on graphs
approximating the fractal, a method suited to post-critically finite self-similar domains
such as the Sierpi´nski triangle. Recently, Mosco [17,18] introduced a framework for the
Laplacian, by taking as a starting point a Dirichlet form that reflects the self-similarities
of the underlying fractal. This framework, which depends on the intrinsic structure of
the fractal and its “intrinsic dimension”ν, leads to a very general theory of “variational
fractals” that includes many of the more specific examples that have been analysed by
other means, such as in [3,15,10,12].

So far, attention has concentrated on linear PDEs. However, many problems on fractal
domains lead to nonlinear models, for example reaction-diffusion equations, problems on
elastic fractal media or fluid flow through fractal regions, so it is appropriate to investigate
nonlinear PDEs. It turns out that the analytic estimates obtained for variational fractals



Lancia, Vélez-Santiago, Vernole (2019)

A quasi-linear nonlocal Venttsel’ problem of Ambrosetti-Prodi type on
fractal domains. Discrete Contin. Dyn. Syst. 39 (2019), no. 8, 4487–4518.

Summary: ”We investigate the solvability of the Ambrosetti-Prodi problem for the
p-Laplace operator ∆p with Venttsel’ boundary conditions on a two-dimensional
open bounded set with Koch-type boundary, and on an open bounded
three-dimensional cylinder with Koch-type fractal boundary. Using a priori
estimates, regularity theory and a sub-supersolution method, we obtain a
necessary condition for the non-existence of solutions (in the weak sense), and the
existence of at least one globally bounded weak solution. Moreover, under
additional conditions, we apply the Leray-Schauder degree theory to obtain results
about multiplicity of weak solutions.”
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Hinz–Meinert (2020–2022)

Michael Hinz, Melissa Meinert,
Approximation of partial differential equations on compact resistance spaces.
Calc. Var. Partial Differential Equations 61 (2022), no. 1, Paper No. 19, 47 pp.

Michael Hinz, Melissa Meinert,
On the viscous Burgers equation on metric graphs and fractals.
J. Fractal Geom. 7 (2020), no. 2, 137–182.

Burgers equation and Cole–Hopf transform:

u′ = ∆u − 〈u,∇〉u

u′ = −dd∗u − d(u2)/2

Main difficulty: there are no continuous vector fields on fractals!
Define a “unversal” space of finite energy (or L2) differential forms H
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joint with Michael Hinz and Anna Rozanova-Pierrat (2021
– current)

large compact classes of fractal domains, including fractal shape optimization

large collections of fractal PDE, including non-linear

Adrien Dekkers, Anna Rozanova-Pierrat, T.
Mixed boundary valued problems for linear and nonlinear wave equations in
domains with fractal boundaries.
Calc. Var. Partial Differential Equations 61 (2022), no. 2, Paper No. 75, 44 pp.

Michael Hinz, Anna Rozanova-Pierrat, Anna; T.
Non-Lipschitz uniform domain shape optimization in linear acoustics.
SIAM J. Control Optim. 59 (2021), no. 2, 1007–1032.

Michael Hinz, Frédéric Magoulès, Anna Rozanova-Pierrat, Marina Rynkovskaya, T.
On the existence of optimal shapes in architecture.
Appl. Math. Model. 94 (2021), 676–687.
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Part 2: Singular Stochastic Partial Differential Equations
(SPDE) in Hilbert Spaces
On a singular spaces, such as a fractal with a Dirichlet form, there are several
natural Hilbert spaces:

L2
µ with respect to a singular measure

H1 = W 1,2 = Dom E the space of finite energy functions that are in L2
µ

Dom(∆ν) where ν is possibly a different singular measure

I the situation is especially delicate when µ ⊥ ν

Conclusion: we are interested in SPDE on Hilbert spaces with most relaxed
assumptions on the coefficients.

M. Gordina, M. Röckner, T.
Singular perturbations of Ornstein-Uhlenbeck processes:
integral estimates and Girsanov densities.
Probability Theory and Related Fields 178 (2020)
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Non-smooth perturbations of the Ornstein-Uhlenbeck
operators

G. Da Prato and M. Röckner, Singular dissipative stochastic equations in Hilbert
spaces, Probab. Theory Related Fields, 124 (2002)

(1) dXt = (AXt + F (t,Xt)) dt + σdWt , X0 = x ∈ H

(Ω,F ,Ft , P)
¯

a filtered probability space

H
¯

a separable Hilbert space

Wt
¯

a cylindrical Wiener process in H
(A,DA)

¯
the generator of a C0-semigroup etA such that there is an ω > 0 such

that for any x ∈ DA

〈Ax, x〉 6 −ω|x|2
σ and σ−1

¯
are in B (H) with σ being self-adjoint and positive. Moreover, there

is an α > 0 such that

∫ ∞

0

(
1 + t−α

) ‖etAσ‖2
HSdt <∞.
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F (t, ·) :
¯

[0,∞)× DF (t,·) → 2H a family of maps such that for any t ∈ [0,∞)
we have DF (t,·) = DF ⊂ H
F (t, ·)

¯
an m-dissipative map: for any x1, x2 ∈ DF

〈y1 − y2, x1 − x2〉 6 0,

for all y1 ∈ F (t, x1) , y2 ∈ F (t, x2) , t ∈ [0,∞), and for any γ > 0 and
t ∈ [0,∞)

Range (γI − F (t, ·)) = H.

F0 (t, x)
¯

it is known that for any (t, x) ∈ [0,∞)× DF , the set F (t, x) is
non-empty, closed and convex, and so for any x ∈ DF

F0 (t, x) := {y ∈ F (t, x) : |y | = inf{|z|, z ∈ F (t, x)}}
is a well-defined map

a (u)
¯

an increasing function a : [0,∞)→ [0,∞) such that

|F0 (t, x) | 6 a (|x|) , (t, x) ∈ [0,∞)× H,

where we allow for limu→∞ a (u) =∞.
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Yosida approximation to F :

for any α > 0

Fα (t, x) :=
1

α
(Jα (x)− x) , x ∈ H,

where

Jα (x) := (I − αF )−1 (x) , I (x) = x.

Then each Fα is single-valued, dissipative, Lipschitz continuous and satisfies

lim
α→0

Fα (t, x) = F0 (t, x) ,

|Fα (t, x) | 6 |F0 (t, x) |

for x ∈ D (F ), and Fα satisfy the same growth condition as F0.
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dXαt =
(
AXt + Fα

(
t,Xαt

))
dt + σdWt

(2) Xα0 = x ∈ H

• Moments of Xαt (x)

Stochastic
¯

Wx,A,σ (t) := etAx +
t∫

0

e(t−s)AσdW (s)

convolution
¯W0,A,σ (t) is a Gaussian random variable with values in H with the mean 0 and

the covariance operator Qtx =
∫ t

0 esAσ2esA∗xds.

Moment spaceM
¯

the space of C 2–functions ϕ : (0,∞)→ [0,∞) such that

• ϕ is an increasing convex function;

• the limit uϕ′(u)
ϕ(u)

−−−→
u→∞

Lϕ exists, and Lϕ ∈ [1,∞].

Remark. This definition is motivated by de la Vallée-Poussin Theorem (a criterion
for uniform integrability).

Examples of functions inM.

ϕ (u) = up, p > 1 with Lϕ = p;

ϕ (u) = eu with Lϕ =∞;

ϕ (u) = u ln (u + 1) with Lϕ = 1.
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Theorem (ϕ-moments). Consider (2) with Fα being dissipative, Lipschitz
continuous and satisfying

|Fα (t, x) | 6 a (|x|) , (t, x) ∈ [0,∞)× H.

Then for any ϕ ∈M the following (uniform) estimate holds

Exϕ
(|Xαt (x) |2) 6 e−ωt

2
ϕ
(
4|x|2)+ ExKϕ + ExKϕ,ω,a(·),
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where Kϕ and Kϕ,ω,a(·) are the following random functions

Kϕ,ω,a(·) (t) :=
ωt
2
ϕ




[
a

(∣∣∣∣∣ sup
s∈[0,t]

W0,A,σ (s)

)∣∣∣∣∣

]2

ω2



,

Kϕ (t) :=
1

2
ϕ


4

∣∣∣∣∣ sup
s∈[0,t]

W0,A,σ (s)

∣∣∣∣∣

2



Note that these functions are finite a.s.

Examples of functions ϕ ∈M and a (u):

ϕ (u) and a (u) are polynomials;

ϕ (u) is an exponential function and a (u) is a linear function (Fernique’s
Theorem).
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• Girsanov transform for x ∈ D (A)

ρα(x, t) := exp




t∫

0

〈σ−1Fα(s,Wx,A,σ(s)), dW (s)〉

−1

2

∫ t

0

|σ−1Fα(s,Wx,A,σ(s))|2 ds
)

Theorem (Uniform integrability of Girsanov densities). For any growth
function a(·) and any fixed x and t, there is an increasing positive unbounded
function Ψ(·) such that

Eρα(x, t)Ψ (ρα(x, t)) 6 1

Remark. The function ψ does not depend on α! Examples of functions Ψ: if
a(u) is of polynomial growth, then Ψ(u) can be chosen to be a power of log; if
a(u) is of exponential growth, then Ψ(u) can be chosen to be an iterated log.

Method of proof: localization (stopping times) for the stochastic convolution

Wx,A,σ (t) and
∫ t

0 e−ω(t−s)a (|W0,A,σ (s) |) ds
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Lemma

Consider
Xt = Zt + W0,A,σ(t)

dZt = (AZt + F (t,Zt + W0,A,σ (t))) dt, Z0 = x,

with coefficients satisfying our Assumptions and its mild solution Z x
t that can be

obtained as a weak limit solutions of regularized equation. Then |Zt | is an
absolutely continuous function almost surely satisfying

d
dt
(|Z x

t |
)
6 −ω|Z x

t |+ a (|W0,A,σ (t) |)

for almost all t > 0, and

|Z x
t | 6 |x|e−ωt +

∫ t

0

e−ω(t−s)a (|W0,A,σ (s) |) ds

for all t > 0.
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Application

dXt = (AXt + F (Xt)) dt + σdWt , X0 = x ∈ H

k ∈ D (A) , ε > 0, t0 ∈ (0,T ], 0 6 t 6 t0,

F k,ε
α (t, x) := −εt

t0

Ak +
ε

t0

k + Fα
(
x − εt

t0

k
)
,

F k,ε (t, x) := −εt
t0

Ak +
ε

t0

k + F
(
x − εt

t0

k
)
,

G k,ε (t, x) := σ−1
(
F k,ε
α (t, x)− Fα (t, x)

)
.

Theorem (Quasi-invariance). At any fixed time t0 ∈ [0,T ] the distribution of
Xα (t0) is quasi-invariant under translations by elements in D (A). More
precisely, for any unit vector k ∈ D (A), 0 < ε < min{t0, 1} and t0 ∈ (0,T ],
the distribution of the random variable Xα (t0, x) + εk has a density, ραt0,ε,k (y),
with respect to the distribution of the random variable Xα (t0, x).
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Further directions:

• smoothness results for an invariant measure for (1)

• closability of the gradient

• looking for examples with an invariant measure which is not absolutely
continuous with respect to the Gaussian measure

Sasha Teplyaev (UConn) NON-LINEAR EQUATIONS ON FRACTALS July 20, 2022 23 / 55



References (partial list)
1 N. V. Krylov, A simple proof of the existence of a solution to the Itô equation
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Quasi-invariance and its applications

(X ,B)
¯

a measure space

G
¯

a group of automorphisms of (X ,B)

µ
¯

a Radon measure on (X ,B) is said to be quasi-invariant under the action by

G if the transformed measure µg (A) := µ
(
g−1A

)
, A ∈ B, is equivalent to the

measure µ.

Jg (x)
¯

dµg
dµ (x) , x ∈ X is the Radon-Nikodym derivative

Example
¯

X = W is an abstract Wiener space with the Gaussian measure µ, and
G is the group of translations by elements in the Cameron-Martin subspace H .
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• Integration by parts formula when G is the group of translations.

jh (x)
¯

d
dε

∣∣∣
ε=0

Jεh (x) , x ∈ X , then

∫

X

f (x + εh)− f (x)

ε
dµ (x) =

∫

X
f (x)

Jεh (x)− 1

ε
dµ (x) ,

∫

X
Dhf (x) dµ (x) =

∫

X
f (x) jh (x) dµ (x) .

• Quasi-invariance as smoothness of measures in infinite dimensions.

• Regularity of invariant measures in infinite dimensions and for degenerate
semigroups; closability of the gradient (joint with M. Röckner)
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Technical details: Pseudo-weak convergence
For (S,F , µ) is σ-finite measure space, L0 (S, µ;H) we denotes the
F -measurable functions defined up to sets of µ-measure zero and equipped with
the topology of convergence in measure. We use −−−⇀

n→∞
for the weak convergence

in Banach spaces.
Suppose f , fn ∈ L0 (S, µ;H), n ∈ N. We say that {fn}∞n=1 converges
pseudo-weakly to f , denoted by

fn
ψ−−−⇀

n→∞
f ,

if

ψ(fn) −−−⇀
n→∞

ψ(f ) in L2 (S, µA;H) for any A ∈ F with µ(A) <∞ (1)

and for some ψ : H → H defined by

ψ(h) :=

{
h
|h|H ψ0(|h|H), if h 6= 0,

0, if h = 0,
(2)

where ψ0 : R+ → R+ is a strictly increasing continuous function with ψ0(0) = 0.
In this case we say that f is a ψ-pseudo-weak limit of the sequence {fn}∞n=1.
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The definition of ψ-pseudo-weak limits depends on the choice of function ψ
which we usually fix. Typical examples for such a function ψ are ψ(h) = h or

ψ(h) =
h

1 + |h|H
, h ∈ H. (3)

Proposition. Suppose f , fn ∈ L0 (S, µ;H). Then for any bounded

ψ : H −→ H we have that fn
ψ−−−⇀

n→∞
f if and only if

∫

A
〈ψ(fn)− ψ(f ), h〉 dµ −−−−−→

n→∞
0 (4)

for any h ∈ H and any A ∈ F with µ(A) <∞.
For a fixed ψ the pseudo-weak limit is unique.
The topology of L0 (S, µ;H) defined by convergence in measure

lim
n→∞

µ
({|fn − f |H > ε

} ∩ A
)

= 0 for allε > 0, A ∈ F , µ(A) <∞

implies pseudo-weak convergence, but these two types of convergence are not
equivalent in general.
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The following assertion is an easy consequence of the Banach-Saks Theorem
applied to the Hilbert space L2 (S, µ;H) or, more elementarily, of Fatou’s Lemma.

Proposition

Suppose f , fn ∈ L2 (S, µ;H), n ∈ N, and

fn −−−⇀
n→∞

f , (5)

then
|f |H 6 lim sup

n→∞
|fn|H µ-a.e.
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Let f , fn ∈ L0 (S, µ;H), n ∈ N, such that

fn
ψ−−−⇀

n→∞
f .

Then
|f |H 6 lim sup

n→∞
|fn|H µ-a.e.

Let ψ in the definition of pseudo-weak convergence be bounded. If
fn ∈ L0 (S, µ;H), n ∈ N, are such that

sup
n∈N
|fn|H <∞ µ− a.e.,

then there exists f ∈ L0 (S, µ;H) such that for some subsequence {nk}k∈N

fnk

ψ−−−⇀
k→∞

f .
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Yosida approximations to A

We need the Yosida approximations Aα to A for small α. Surprisingly, it is not
easy to find a reference. Following Hille–Yosida. let ρ (A) be the resolvent set,
then the resolvent of A is defined as

Rλ (A) := (λI − A)−1
, λ ∈ ρ (A) ∈ B (H) ,

Rλ (A) : H −→ DA.

Recall that for λ > 0 we have ‖Rλ (A) ‖ 6 1/λ. In addition,

λRλ (A) x −−−→
λ→∞

x, x ∈ H. (6)

Note that ARλ (A) x = Rλ (A)Ax, x ∈ DA. Finally, the Yosida
approximations to A are defined by

Aαx := 1
α
AR 1

α
(A) x, x ∈ H. (7)
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The Yosida approximations Aα to A satisfy the following properties, see Brezis
book 2011, where

Jα := (I − αA)−1, (8)

Jα ∈ B (H), ‖Jα‖ 6 1.

Aαx −−−→
α→0

Ax, x ∈ DA,

|Aαx|H 6 |Ax|H , x ∈ DA, (9)

Aαx = JαAx, x ∈ DA,

Aα ∈ B (H) ,

‖Aα‖ 6 1
α
,

Aα = AJα = 1
α

(Jα − I ).

Proposition. Under Assumption ??

‖Jα‖ 6 1/(1 + αβ)

and
〈Aαx, x〉 6 −βα|x|2H

for all x ∈ H , where

βα :=
β

1 + αβ
.
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Yosida approximations to F
To define pseudo-weak solutions we use the Yosida approximation to F : fix
t ∈ [0,∞) and set F := F (t, ·). Then for any α > 0 we define

Fα :=
1

α
(Jα (x)− x) , x ∈ H, (10)

where
Jα (x) := (I − αF )−1 (x) , I (x) = x,

which is a nonlinear generalization of (8). Then each Fα is single-valued,
dissipative, Lipschitz continuous with Lipschitz constant less than 2

α
and satisfies

lim
α→0

Fα (x) = F0 (x) , x ∈ DF , (11)

|Fα (x) |H 6 |F0 (x) |H , x ∈ DF . (12)

It is clear from the last inequality that for each x0 ∈ DF

|Fα(t, x)|H ≤ |F0(t, x0)|H +
2

α
|x|H ≤ a(|x0|H) +

2

α
|x|H , x ∈ H.
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end of Part 2
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Part 3: Motivation
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What are Hausdorff and spectral dimensions of a self-similar set?
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For the circle, dS = 1
For Riemannian d -manifolds, dS = dH = d

In general, dS can be defined using the asymptotics of eigenvalues or, equivalently,
asymptotics of the heat kernel.

If ds is well defined, then

recurrence of the diffusion ⇐⇒ dS < 2

in which case we sometimes can prove Kigami’s formula

dS = 2
dH,R

dH,R + 1

where dH,R is the effective resistance Hausdorff dimension.
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On the Sierpinski gasket (S.Goldstein 1984)

dtopo = 1 < dS =
log 9

log 5
< dH =

log 3

log 2

On the basilica Julia set we formally computed (Rogers-T, 2010)

dS =
4

3

On the Sierpinski carpet ∃!dS (Barlow, Bass, Kumagai, T. 1989-2010)

dtopo = 1 < dH,topo = 1 +
log 2

log 3
< dS < dH =

log 8

log 3
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OF THE RENORMALIZATION GROUP EQUATIONS 

ON FRACTAL STRUCTURES 

F. ENGLERT, J.-M. FRI~RE x and M. ROOMAN 2 

Physique Thkorique, C.P. 225, Universitb Libre de Bruxelles, 1050 Brussels, Belgium 

Ph. SPINDEL 

Facultb des Sciences, Universitb de l'Etat it Mons, 7000 Mons, Belgium 

Received 19 February 1986 

We take a model of foamy space-time structure described by self-similar fractals. We study 
the propagation of a scalar field on such a background and we show that for almost any initial 
conditions the renormalization group equations lead to an effective highly symmetric metric at 
large scale. 

1. Introduction 

Quantum gravity presents a potential difficulty which persists in any unification 

program which incorporates gravity in the framework of a local field theory in 

dimensions d > 4. In all such theories a local O ( d - 1 , 1 )  space-time symmetry is 
quite generally assumed at the outset as a "kinematical" symmetry of the classical 

action. Such an extrapolation from relatively large distances, where the symmetry 

0(3 ,1)  is tested to a genuine local property is questionable. Indeed, the unbounded- 
ness of the Einstein curvature term in the analytically continued euclidean action 

signals violent fluctuations near the Planck scale. Hence a "foamy" fractal space-time 
structure is expected [1], from which the average metric below this scale should 
emerge in a dynamical way. There is no obvious reason why a smooth effective 

metric should at all be generated, and even if it were, why it should bear any 
relation to the "bare" symmetrical local metric imposed on the "fundamental" 
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Fig. 1. The first two iterations of a 2-dimensional 3-fractal. 

tive integers v i (i = 1 . . . . .  d)  such that their s u m  Y~./d=lP i is less or equal to n. All 
these points are contained in the hypertetrahedron bounded by the coordinate 
hyperplanes and the E~a=lVi = n hyperplane. We distinguish interior points and 
points belonging to a k-face (k < d), that is points characterized by a set of 
coordinates vj which contains d - k  subsets s such that ~ ,  ~svi = 0 (mod n). Every 
point belongs to the boundary of at least one sub-hypertetrahedron and two points 
are called neighbours if they belong to the same sub-hypertetrahedron. One goes 
from a point to one of its neighbours by one of the elementary translations t i and lij 
defined as: 

_+ ti: v~--+ v~: ,  where v~ = v k if k :~ i, 

v" = v i + 1 ; 

l q : v}--+ vj  , w h e r e  v'k = v k i f  i 4= k --t= j ; 

v" = v i + 1, 

v~ = v j -  1. (2.1) 

In general, an interior point admits d ( d  + 1) neighbours reached by the 2d transla- 
tions ___t i and the d ( d - 1 )  l q  translations. If a point belongs to a k-face of the 
hypertetrahedron, some of these operations reach a point outside the initial hyperte- 
trahedron. Actually, points belonging to a k-face have only d ( k  + 1) neighbours. 
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Fig. 5. The plane of 2-parameter homogeneous metrics on the Sierpinski gasket. The hyperbole a = /3/(,8 + 1) separates the domain of euclidean 
metrics from minkowskian metrics and corresponds - except at the origin - to 1-dimensional metrics. ML, M 2, Ma denote unstable minkowskian 
fixed geometries while E corresponds to the stable euclidean fixed point. The unstable fixed points 01, 0 2 and 0 3 associated to 0-dimensional 
geometries are located at the origin and at infinity on the (a, /~) coordinates axis. The six straight lines are subsets invariant with respect to the 
recursion relation but repulsive in the region where they are dashed. The first points of two sequences of iterations are drawn. Note that for one of 

them the 10th point (a  = -56 .4 , /3  = -52 .5)  is outside the frame of the figure. 
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Fig. 10. A metrical representation of the two first iterations of a 2-dimensional 2-fractal corresponding 
to the euclidean fixed point. Vertices are labelled according to fig. 4. 

angles of the cell without its base, that is 57r, minus the sum of the angles not 
belonging to the cell and touching the 3 exterior vertices of the cell, that is 
6~r - ~r = 5~r. We find thus that the curvature of a cell is zero, which is consistent 
with the assumption that the space surrounding the cell is flat. 

Though the exact value of the curvature at each vertex of a cell is subject to some 
arbitrariness, because of the arbitrariness showed in the previous section of the 
normalization of the ?~i9's at successive levels, one easily verifies that, for the 
homogeneous metrics considered here, all the non-zero cancelling curvatures are 
located at the cell boundaries. The vertices belonging to the p and (p  + 1) levels ot 
fractalization have negative curvature, the others have positive curvature. 

Consider now a metric n-fractal, n >> 1, cutoff after the first iteration (or 
equivalently a ( p -  1) triangle in a fractal cutoff at the p th  level). The result is a 
triangular lattice. Because the integrated curvature of any cell is zero, the inside of 
the lattice is correctly described on the average by a locally flat metric. From 
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Figure 6.4. Geometric interpretation of Proposition 6.1.

7. Effective resistance metric, Green’s function
and capacity of points

We first recall from [Ki4] some facts about limits of resistance networks.
Although we state all the results of this section for the Sierpiński gasket,
they can be applied to general pcf fractals with only minor changes.

Let E(f, f) be defined by (1.2) for any function f on V∗, where En is a
compatible sequence of Dirichlet forms on Γn.

Proposition 7.1. Every point of V∗ =
⋃

n≥0 Vn has positive capacity.

Proof. Let x ∈ V∗. Then x ∈ Vn for some n. The capacity of {x} with respect
to E is the same as that with respect to En because of the compatibility of
the sequence of networks. The latter capacity is positive because Vn is a
finite set. �

The effective resistance is defined for any x, y ∈ V∗ by

R(x, y) =
(
minu{E(u, u) : u(x) = 1, u(y) = 0}

)−1
.(7.1)

Here the minimum is taken over all functions on V∗. Note that x, y ∈ Vn
for large enough n and that (7.1) does not change if E is replaced by En,
because of the compatibility condition (see [Ki4], Proposition 2.1.11). By
Theorem 2.1.14 in [Ki4], R(x, y) is a metric on V∗. In what follows we will
write R-continuity, R-closure etc. for continuity, closure etc. with respect to
the effective resistance metric R. It is known that if E(u, u) < ∞ then u is
R-continuous ([Ki4], Theorem 2.2.6(1)). The main ingredient in the proof
of this fact is the inequality

|u(x)− u(y)|2 ≤ R(x, y)E(u, u).(7.2)

Let Ω be the R-completion of V∗. We can conclude from (7.2) that if u
is a function on V∗ such that E(u, u) <∞ then u has a unique continuation
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We measure the spectral dimension of universes emerging from nonperturbative quantum gravity,
defined through state sums of causal triangulated geometries. While four dimensional on large scales, the
quantum universe appears two dimensional at short distances. We conclude that quantum gravity may be
‘‘self-renormalizing’’ at the Planck scale, by virtue of a mechanism of dynamical dimensional reduction.

DOI: 10.1103/PhysRevLett.95.171301 PACS numbers: 04.60.Gw, 04.60.Nc, 98.80.Qc

Quantum gravity as an ultraviolet regulator?—A shared
hope of researchers in otherwise disparate approaches to
quantum gravity is that the microstructure of space and
time may provide a physical regulator for the ultraviolet
infinities encountered in perturbative quantum field theory.

tral dimension, a diffeomorphism-invariant quantity ob-
tained from studying diffusion on the quantum ensemble
of geometries. On large scales and within measuring ac-
curacy, it is equal to four, in agreement with earlier mea-
surements of the large-scale dimensionality based on the
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�2
d logP���
d log�

� a�
b

�� c
(10)

agrees best with the data. In Fig. 1, the curve

DS��� � 4:02�
119

54� �
(11)

has been superimposed on the data, where the three con-
stants were determined from the entire data range � 2
�40; 400�. Although both b and c individually are slightly
altered when one varies the range of �, their ratio b=c as
well as the constant a remain fairly stable. Integrating
relation (10), we have

P��� �
1

�a=2�1� c=��b=2c
; (12)

implying a behavior

P��� �
�
��a=2 for large �;
���a�b=c�=2 for small �:

(13)

Our interpretation of Eqs. (12) and (13) is that the quantum
geometry generated by CDT does not have a self-similar
structure at all distances, but instead has a scale-dependent
spectral dimension which increases continuously from a�
b=c to a with increasing distance.

Taking into account the variation of a in Eq. (10) when
using various cuts ��min; �max� for the range of �, as well
as different weightings of the errors, we obtain the asymp-
totic value

DS�� � 1� � 4:02 0:1; (14)

which means that the spectral dimension extracted from
the large-� behavior (which probes the long-distance
structure of spacetime) is compatible with four. On the
other hand, the ‘‘short-distance spectral dimension,’’ ob-
tained by extrapolating Eq. (12) to �! 0 is given by

DS�� � 0� � 1:80 0:25; (15)

and thus is compatible with the integer value two.
Discussion.—The continuous change of spectral dimen-

sion described in this Letter constitutes to our knowledge
the first dynamical derivation of a scale-dependent dimen-
sion in full quantum gravity. (In the so-called exact renor-
malization group approach to Euclidean quantum gravity, a
similar reduction has been observed recently in an
Einstein-Hilbert truncation [12].) It is natural to conjecture
it will provide an effective short-distance cutoff by which
the nonperturbative formulation of quantum gravity em-
ployed here, causal dynamical triangulations, evades the
ultraviolet infinities of perturbative quantum gravity.
Contrary to current folklore (see [13] for a review), this
is done without appealing to short-scale discreteness or
abandoning geometric concepts altogether.

Translating our lattice results to a continuum notation
requires a ‘‘dimensional transmutation’’ to dimensionful
quantities, in accordance with the renormalization of the

lattice theory. Because of the perturbative nonrenormaliz-
ability of gravity, this is expected to be quite subtle. CDT
provides a concrete framework for addressing this issue
and we will return to it elsewhere. However, since � from
(1) can be assigned the length dimension two, and since we
expect the short-distance behavior of the theory to be
governed by the continuum gravitational coupling GN , it
is tempting to write the continuum version of (10) as

PV��� �
1

�2

1

1� const:�GN=�
; (16)

where const. is a constant of order one. Using the same
naı̈ve dimensional transmutation, one finds that our ‘‘uni-
verse’’ of 181.000 discrete building blocks has a spacetime
volume of the order of �20lPl�

4 in terms of the Planck
length lPl, and that the diffusion with � � 400 steps cor-
responds to a linear diffusion depth of 20lPl, and is there-
fore of the same magnitude. The relation (16) describes
a universe whose spectral dimension is four on scales
large compared to the Planck scale. Below this scale,
the quantum-gravitational excitations of geometry lead
to a nonperturbative dynamical dimensional reduction
to two, a dimensionality where gravity is known to be
renormalizable.
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Brownian motion:
Thiele (1880), Bachelier (1900)
Einstein (1905), Smoluchowski (1906)
Wiener (1920’), Doob, Feller, Levy, Kolmogorov (1930’),
Doeblin, Dynkin, Hunt, Ito ...

distance ∼
√

time

“Einstein space–time relation for Brownian motion”

Wiener process in Rn satisfies 1
nE|Wt |2 = t and has a

Gaussian transition density:

pt(x, y) =
1

(4πt)n/2
exp

(
−|x − y |2

4t

)
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De Giorgi-Nash-Moser estimates for elliptic and parabolic PDEs;

Li-Yau (1986) type estimates on a geodesically complete Riemannian
manifold with Ricci > 0:

pt(x, y) ∼ 1

V (x,
√
t)

exp

(
−c d(x, y)2

t

)

distance ∼
√

time
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Gaussian:

pt(x, y) =
1

(4πt)n/2
exp

(
−|x − y |2

4t

)

Li-Yau Gaussian-type:

pt(x, y) ∼ 1

V (x,
√
t)

exp

(
−c d(x, y)2

t

)

Sub-Gaussian:

pt(x, y) ∼ 1

tdH/dw
exp


−c

(
d(x, y)dw

t

) 1
dw−1




distance ∼ (time)
1

dw
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Brownian motion on Rd : E|Xt − X0| = ct1/2.

Anomalous diffusion: E|Xt − X0| = o(t1/2), or (in regular enough situations),

E|Xt − X0| ≈ t1/dw

with dw > 2.

Here dw is the so-called walk dimension (should be called “walk index”
perhaps).

This phenomena was first observed by mathematical physicists working in the
transport properties of disordered media, such as (critical) percolation clusters.
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pt(x, y) ∼ 1

tdH/dw
exp

(
−c d(x, y)

dw
dw−1

t
1

dw−1

)

distance ∼ (time)
1

dw

dH = Hausdorff dimension
1
γ

= dw = “walk dimension” (γ=diffusion index)

2dH
dw

= dS = “spectral dimension” (diffusion dimension)

First example: Sierpiński gasket; Kusuoka, Fukushima, Kigami, Barlow, Bass,
Perkins (mid 1980’—)
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Spectral analysis on fractals

A part of an infinite Sierpiński gasket.
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0

3

5

6

-

6

Figure: An illustration to the computation of the spectrum on the infinite

Sierpiński gasket. The curved lines show the graph of the function R(·).

Theorem (Rammal, Toulouse 1983, Béllissard 1988,
Fukushima, Shima 1991, T. 1998, Quint 2009)

On the infinite Sierpiński gasket the spectrum of the Laplacian consists of a dense
set of eigenvalues R−1(Σ0) of infinite multiplicity and a singularly
continuous component of spectral multiplicity one supported on R−1(JR).
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Half-line examplet -t t t t t t t t t- - - - - - - - - -� � � � � � � � �
1 q p p q q p q p p q p q q p p q q p

Transition probabilities in the pq random walk. Here p ∈ (0, 1) and q = 1− p.

(∆pf )(x) =





f (0)− f (1), if x = 0

f (x)− qf (x − 1)− pf (x + 1), if 3−m(x)x ≡ 1 (mod 3)

f (x)− pf (x − 1)− qf (x + 1), if 3−m(x)x ≡ 2 (mod 3)

Theorem (J.P.Chen, T., 2016)

If p 6= 1
2

, the Laplacian ∆p on `2(Z+) has purely singularly continuous
spectrum. The spectrum is the Julia set, a topological Cantor set of Lebesgue

measure zero, of the polynomial R(z) =
z(z2 − 3z + (2 + pq))

pq

This is a simple, possibly the simplest, quasi-periodic example related to the
recent results of A.Avila, D.Damanik, A.Gorodetski, S.Jitomirskaya, Y.Last,
B.Simon et al.

Sasha Teplyaev (UConn) NON-LINEAR EQUATIONS ON FRACTALS July 20, 2022 49 / 55



Spectral zeta function

Theorem. (Derfel-Grabner-Vogl, Steinhurst-T., Chen-T.-Tsougkas, Kajino
(2007–2017)) For a large class of finitely ramified symmetric fractals the
spectral zeta function

ζ(s) =
∑

λ
s/2
j

has a meromorphic continuation from the half-pain Re(s) > dS to C. Moreover,
all the poles and residues are computable from the geometric data of the fractal.
Here λj are the eigenvalues if the unique symmetric Laplacian.

Example: ζ(s) is the Riemann zeta function up to a trivial factor in the case
when our fractal is [0, 1].

In more complicated situations, such as the Sierpiński gasket, there are
infinitely many non-real poles, which can be called complex spectral
dimensions, and are related to oscillations in the spectrum.
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ds

dR

= log 9
log 5

= log 4
log 5

✻

0 dR 1 ds

❣
❣
❣
❣
❣
❣
❣

✉
✉
✉
✉
✉
✉
✉

❣
❣
❣
❣
❣
❣
❣

✲

Poles (white circles) of the spectral zeta function of the Sierpiński gasket.
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Spectral Analysis of the Basilica Graphs (with Luke
Rogers, Toni Brzoska, Courtney George, Samantha Jarvis)

The question of existence of groups with intermediate growth, i.e.
subexponential but not polynomial, was asked by Milnor in 1968 and
answered in the positive by Grigorchuk in 1984. There are still open questions in
this area, and a complete picture of which orders of growth are possible, and
which are not, is missing.

The Basilica group is a group generated by a finite automation acting on the
binary tree in a self-similar fashion, introduced by R. Grigorchuk and A. Zuk in
2002, does not belong to the closure of the set of groups of subexponential
growth under the operations of group extension and direct limit.

In 2005 L. Bartholdi and B. Virag further showed it to be amenable,
making the Basilica group the 1st example of an amenable but not
subexponentially amenable group (also “Münchhausen trick” and
amenability of self-similar groups by V.A. Kaimanovich).
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The basilica Julia set, the Julia set of z2 − 1 and the limit set of the basilica
group of exponential growth (Grigorchuk, Żuk, Bartholdi, Virág, Nekrashevych,

Kaimanovich, Nagnibeda et al.).
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In 2005, V. Nekrashevych described the Basilica as the iterated
monodromy group, and there exists a natural way to associate it to the Basilica
fractal (Nekrashevych+T., 2008).

In Schreier graphs of the Basilica group (2010), Nagnibeda et al. classified
up to isomorphism all possible limits of finite Schreier graphs of the Basilica group.

In Laplacians on the Basilica Julia set (2010), L. Rogers+T. constructed
Dirichlet forms and the corresponding Laplacians on the Basilica fractal in two
different ways: by imposing a self-similar harmonic structure and a graph-directed
self-simliar structure on the fractal.

In 2012-2015, Dong, Flock, Molitor, Ott, Spicer, Totari and Strichartz
provided numerical techniques to approximate eigenvalues and eigenfunctions on
families of Laplacians on the Julia sets of z2 + c .
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Spectral Analysis of the Basilica Graphs

Basilica Julia Set and the Schreier graph Γ4

pictures taken from paper by Nagnibeda et. al.
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Spectral Analysis of the Basilica Graphs

Replacement Rule and the Graphs Gn
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Spectral Analysis of the Basilica Graphs

Distribution of Eigenvalues, Level 13
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Spectral Analysis of the Basilica Graphs

One can define a Dirichlet to Neumann map for the two boundary points
of the graphs Gn. One can construct a dynamical system to determine
these maps (which are two by two matrices). The dynamical system allows
us to prove the following.

Theorem

In the Hausdorff metric, lim sup
n→∞

σ(L(n)) has a gap that contains the

interval (2.5, 2.8).

Theorem (arXiv:1908.10505)

In the Hausdorff metric, lim sup
n→∞

σ(L(n)) has infinitely many gaps.
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Spectral Analysis of the Basilica Graphs

Infinite Blow-ups of Gn

Definition

Let {kn}n∈N be a strictly increasing subsequence of the natural numbers.
For each n, embed Gkn in some isomorphic subgraph of Gkn+1 . The
corresponding infinite blow-up is G∞ := ∪n≥0Gkn .

Assumption

The infinite blow-up G∞ satisfies:

For n ≥ 1, the long path of Gkn−1 is embedded in a loop γn of Gkn .

Apart from lkn−1 and rkn−1 , no vertex of the long path can be the
3, 6, 9 or 12 o’clock vertex of γn.

The only vertices of Gkn that connect to vertices outside the graph
are the boundary vertices of Gkn .
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Spectral Analysis of the Basilica Graphs
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Spectral Analysis of the Basilica Graphs

Theorem

(1) σ(L(kn)|`2
a,kn,γn

) = σ(L
(jn)
0 ).

(2) The spectrum of L(∞) is pure point. The set of eigenvalues of L(∞) is

⋃

n≥0

σ(L
(jn)
0 ) =

⋃

n≥0

c−1
jn
{0},

where the polynomials cn are the characteristic polynomials of L
(n)
0 , as

defined in the previous proposition.
(3) Moreover, the set of eigenfunctions of L(∞) with finite support is
complete in `2.
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TECHNICAL DETAILS

1



Fix p, q>0, p+q=1, and define probabilistic Laplacians ∆n on the segments
[0, 3n] of Z+ inductively as a generator of the random walks:

0 1u u
- �

1 1

0 1 3u u u u
- - -� � �

1 q p p q 1

0 1 3 6 9u u u u u u u u u u
- - - - - - - - -� � � � � � � � �

1 q p p q q p q p p q p q q p p q 1

0 3n 2(3n) 3n+1u q q qq q qq q qu u u
- - -� � �

1 q p p q 1

and let ∆ = lim
n→∞

∆n be the corresponding probabilistic Laplacian on Z+.

2



If z 6=−1± p and R(z)=z(z2+3z+2+pq)/pq, then
R(z) ∈ σ(∆n)⇐⇒ z ∈ σ(∆n+1)

-60−2

−2

−1± p

s ss

Theorem (Joe P. Chen and T., JMP 2016). σ(∆) = JR, the Julia set
of R(z).

If p=q, then σ(∆)=[−2, 0], spectrum is a.c.
If p 6= q, then σ(∆) is a Cantor set of Lebesgue measure zero, spectrum is

singularly continuous.
3



U.Andrews, J.P.Chen, G.Bonik, R.W.Martin, A.Teplyaev, Wave equation on
one-dimensional fractals with spectral decimation. J. Fourier Anal.
Appl. 23 (2017) 994–1027. http://teplyaev.math.uconn.edu/fractalwave/

Bellissard, Geronimo, Volberg, Yuditskii, Are they limit periodic? Complex
analysis and dynamical systems II, 43–53, Contemp. Math., 382, Israel Math. Conf.
Proc., Amer. Math. Soc., Providence, RI, 2005.
(Reviewed by Maxim S. Derevyagin)

Bellissard, Renormalization group analysis and quasicrystals. Ideas and
methods in quantum and statistical physics (Oslo, 1988), 118–148, Cambridge Univ.
Press, Cambridge, 1992.
Barnsley, Geronimo and Harrington, Almost periodic Jacobi matrices as-
sociated with Julia sets for polynomials. Comm. Math. Phys. 99 (1985),
303–317.
Bellissard, Bessis and Moussa, Chaotic states of almost periodic Schrodinger
operators. Phys. Rev. Lett. 49 (1982), 701–704.
Bellissard and Simon, Cantor spectrum for the almost Mathieu equation
J. Funct. Anal. 48 (1982), 408–419.
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There are uncountably many “random” self-similar Laplacians ∆ on Z:
For a sequence K = {kj}∞j=1, kj ∈ {0, 1, 2}, let

Xn = −
n∑
j=1

kj3
j

and ∆n is a probabilistic Laplacian on [Xn, Xn+3n]:

Xn Xn+3n−1 Xn+2(3n−1) Xn+3nu r r rr r rr r ru u u
- - -� � �

1 q p p q 1

In the previous example kj = 0 for all j.

Theorem.
For any sequence K we have σ(∆) = JR. The same is true for the Dirichlet
Laplacian on Z+ (when kj ≡ 0).
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R. Grigorchuk and Z. Sunik, Asymptotic aspects of Schreier graphs and Hanoi
Towers groups.
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(Hanoi Towers-3 group) (standard)
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These three polynomials are conjugate:

Sierpiński 3-graph (Hanoi Towers-3 group): f(x) = x2 − x− 3
f(3) = 3, f ′(3) = 5

Sierpiński 4-graph, “adjacency matrix” Laplacian: P (λ) = 5λ− λ2

P (0) = 0, P ′(0) = 5

Sierpiński 4-graph, probabilistic Laplacian: R(z) = 4z2 + 5z
R(0) = 0, R′(0) = 5
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Theorem. Eigenvalues and eigenfunctions on the
Sierpiński 3-graphs and Sierpiński 4-graphs are in
one-to-one correspondence, with the exception of the
eigenvalue z = −3

2
for the 4-graphs.

b
��bTTb ←−
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2z2 + 4z

c rr
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Let H and H0 be Hilbert spaces, and U : H0 → H be an isometry.

Definition. We call an operator H spectrally similar to an operator H0 with
functions ϕ0 and ϕ1 if

U∗(H − z)−1U = (ϕ0(z)H0 − ϕ1(z))−1

In particular, if ϕ0(z) 6= 0 and R(z) = ϕ1(z)/ϕ0(z), then

U∗(H − z)−1U =
1

ϕ0(z)
(H −R(z))−1.

If H =

(
S X̄
X Q

)
then

S − zI0 − X̄(Q− zI1)
−1X = ϕ0(z)H0 − ϕ1(z)I0

Theorem (Malozemov and T.). If ∆ is the graph Laplacian on a self-similar
symmetric infinite graph, then

JR ⊆ σ(∆∞) ⊆ JR ∪D∞
where D∞ is a discrete set and JR is the Julia set of the rational function R.
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J. Béllissard, Renormalization group analysis and quasicrystals, Ideas and methods
in quantum and statistical physics (Oslo, 1988). Cambridge Univ. Press, 1992.

14



�
�
�
�

T
T
T
T
�
�
�
�

T
T
T
T

�
�
�
�

T
T
T
T

�
�
�
�

T
T
T
T
�
�
�
�

T
T
T
T

�
�
�
�

T
T
T
T

�
�
�
�

T
T
T
T
�
�
�
�

T
T
T
T

�
�
�
�

T
T
T
T

2

−1

−1

1

z = 3
2

t
t t
t �

�
�
�

T
T
T
T
�
�
�
�

T
T
T
T

�
�
�
�

T
T
T
T

�
�
�
�

T
T
T
T
�
�
�
�

T
T
T
T

�
�
�
�

T
T
T
T

�
�
�
�

T
T
T
T
�
�
�
�

T
T
T
T

�
�
�
�

T
T
T
T

1
2

1
2

1
2

1
2

1
2

1
2

2 −1

−1

−1 1

z = 3
4

t

t t

t

�
�
�
�

T
T
T
T
�
�
�
�

T
T
T
T

�
�
�
�

T
T
T
T

�
�
�
�

T
T
T
T
�
�
�
�

T
T
T
T

�
�
�
�

T
T
T
T

�
�
�
�

T
T
T
T
�
�
�
�

T
T
T
T

�
�
�
�

T
T
T
T

2

1

−1

−1

1

−1

−1

z = 3
2
t t
t t
t t
t �

�
�
�

T
T
T
T
�
�
�
�

T
T
T
T

�
�
�
�

T
T
T
T

�
�
�
�

T
T
T
T
�
�
�
�

T
T
T
T

�
�
�
�

T
T
T
T

�
�
�
�

T
T
T
T
�
�
�
�

T
T
T
T

�
�
�
�

T
T
T
T

−11

1

−1

−1

1

z = 5
4

15



Let ∆ be the probabilistic Laplacian (generator of a simple random walk) on the
Sierpiński lattice. If z 6= 3

2
, 5

4
, 1

2
, and R(z) = z(4z + 5), then

R(z) ∈ σ(∆)⇐⇒ z ∈ σ(∆)

σ(∆) = JR
⋃

D

where D
def
= { 3

2
}⋃

( ∞⋃
m=0

R−m{ 3
4
}
)

and JR is the Julia set of R(z).

-
6
0

3
2

5
4

3
4

1
2

3
2

5
4

s
sss

s

sssss
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There are uncountably many nonisomorphic
Sierpiński lattices.
Theorem (T). The spectrum of ∆ is pure point.
Eigenfunctions with finite support are complete.
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Let ∆(0) be the Laplacian with zero (Dirichlet) boundary condition at ∂L. Then

the compactly supported eigenfunctions of ∆(0) are not complete (eigenvalues in
E is not the whole spectrum).
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Let ∂L(0) be the set of two points adjacent to ∂L and ω
(0)
∆ be the spectral

measure of ∆(0) associated with 1
∂L(0). Then supp(ω

(0)
∆ ) = JR has Lebesgue

measure zero and

d(ω
(0)
∆ ◦R1,2)

dω
(0)
∆

(z) =
(8z + 5)(2z + 3)

(2z + 1)(4z + 5)
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Three contractions F1, F2, F3 : R1 → R1, Fj(x) = 1
3
(x+pj), with fixed

points pj = 0, 1
2
, 1. The interval I=[0, 1] is a unique compact set such that

I =
⋃

j=1, 2, 3

Fj(I)

The boundary of I is ∂I = V0 = {0, 1} and the discrete approxima-

tions to I are Vn =
⋃

j=1, 2, 3

Fj(Vn−1) =
{
k
3n

}3n

k=0

V0=∂I : x x
?

��������)

PPPPPPPPq

V1 : x x x x
?

��������)

PPPPPPPPq

V2 : x x x x x x x x x x
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Definition. The discrete Dirichlet (energy) form on Vn is

En(f) =
∑

x,y∈Vn
y∼x

(f (y)−f (x))2

and the Dirichlet (energy) form on I is E(f) = lim
n→∞

3nEn(f) =
∫ 1

0 |f ′(x)|2dx

Definition. A function h is harmonic if it minimizes the energy given the
boundary values.

Proposition. 3En+1(f) > En(f) and 3En+1(h) = En(h) = 3−nE(h)
for a harmonic h.

Proposition. The Dirichlet (energy) form on I is self-similar in the sense that

E(f) = 3
∑

j = 1, 2, 3

E(f◦Fj)
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Definition. The discrete Laplacians on Vn are

∆nf (x) = 1
2

∑

y∈Vn
y∼x

f (y)−f (x), x∈Vn\V0

and the Laplacian on I is ∆f (x) = lim
n→∞

9n∆nf (x) = f ′′(x)

Gauss–Green (integration by parts) formula:

E(f) = −
∫ 1

0

f∆fdx+ ff ′
∣∣∣
1

0

Spectral asymptotics: Let ρ(λ) be the eigenvalue counting function of
the Dirichlet or Neumann Laplacian ∆:

ρ(λ) = #{j : λj < λ}.
Then

lim
λ→∞

ρ(λ)

λds/2
=

1

π
where ds = 1 is the spectral dimension.
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Definition. The spectral zeta function is ζ∆(s) =
∑

λj 6=0

(−λj
)−s/2

Its poles are the complex spectral dimensions.

Let R(z) be a polynomial of degree N such that its Julia set JR ⊂ (−∞, 0],
R(0) = 0 and c = R′(0) > 1.

Definition. The zeta function of R(z) for Re(s) > dR = 2 logN
log c

is

ζz0
R

(s) = lim
n→∞

∑

z∈R−n{z0}
(−cnz)−s/2 =

∑
λ
−s/2
j

Theorem. ζz0
R

(s) =
f1(s)

1−Nc−s/2 + fz02 (s), where f1(s) and fz02 (s) are ana-

lytic for Re(s)>0. If JR is totally disconnected, then this meromorphic continuation
extends to Re(s)>−ε, where ε>0.

In the case of polynomials this theorem has been improved by Grabner et al.
23



dR ∈ the poles of ζz0
R
⊆ {2 logN+4inπ

log c
:n∈Z}

0 -−ε dR
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Theorem. ζ∆(s) = ζ0
R

(s) where R(z) = z(4z2+12z+9).

The Riemann zeta function ζ(s) satisfies ζ(s) = πsζ0
R

(s) The only complex
spectral dimension is the pole at s = 1.

A sketch of the proof: If z 6=− 1
2
,−3

2
, then

R(z) ∈ σ(∆n) ⇐⇒ z ∈ σ(∆n+1)

and so ζ∆(s) = ζ0
R

(s) since the eigenvalues λj of ∆ are limits of the eigenvalues
of 9n∆n.

Also λj=−π2j2 and so

ζ∆(s) =
∞∑

j=1

(
π2j2

)−s/2
= π−sζ(s)

where ζ(s) is the Riemann zeta function. Q.E.D.

ζ(s) = πslim
n→∞

∑

z∈R−n{0}
z 6=0

(−9nz
)−s/2
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Definition. ∆µ is µ–Laplacian if

E(f) =

∫ 1

0

|f ′(x)|2dx=−
∫ 1

0

f∆µfdµ+ ff ′
∣∣1
0
.

Definition. A probability measure µ is self-similar with weights m1,m2,m3

if µ=
∑

j=1, 2, 3

mjµ◦Fj.

Proposition. ∆µf (x)=f ′′
µ

= lim
n→∞

(
1+

2
pq

)n
∆nf (x).

∆nf( k
3n

)=

{
pf(k−1

3n
) + qf(k+1

3n
)− f( k

3n
)

qf(k−1
3n

) + pf(k+1
3n

)− f( k
3n

)

where m1=m3, p= m2
m1+m2

, q= m1
m1+m2

, and

x x x x
- - -� � �

1

m1 m2 m3

q p p q 1

x x x x x x x x x x
- - - - - - - - -� � � � � � � � �

1 q p p q q p q p p q p q q p p q 1
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Spectral asymptotics: If ρ(λ) is the eigenvalue counting function of the Dirichlet
or Neumann Laplacian ∆µ, then

0 < lim inf
λ→∞

ρ(λ)

λds/2
6 lim sup

λ→∞

ρ(λ)

λds/2
<∞

where the spectral dimension is

ds=
log 9

log(1+
2
pq

)
6 1.

All the inequalities are strict if and only if p 6= q.

Proposition. R(z) ∈ σ(∆n) ⇐⇒ z ∈ σ(∆n+1)

where z 6=−1±p and R(z)=z(z2+3z+2+pq)/pq.

Note that R′(0)=1 + 2
pq

, and ds=dR.

Theorem. ζ∆µ(s)=ζ
0
R

(s)
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Three contractions F1, F2, F3 : R2 → R2,
Fj(x) = 1

2
(x+pj), with fixed points p1, p2, p3.

p1

p2

p3

........................... ...................................................... ........................... ......................................................
........................... ...................................................... ........................... ...................................................... ........................... ......................................................

........................... ......................................................

........................... ...................................................... ........................... ......................................................
........................... ...................................................... ........................... ...................................................... ........................... ......................................................

........................... ...................................................... ........................... ...................................................... ........................... ......................................................
........................... ......................................................

........................... ...................................................... ........................... ......................................................
........................... ......................................................

........................... ...................................................... ........................... ......................................................
........................... ...................................................... ........................... ...................................................... ........................... ......................................................

........................... ......................................................

........................... ...................................................... ........................... ......................................................
........................... ......................................................

The Sierpiński gasket is a unique compact setS such that

S =
⋃

j=1, 2, 3

Fj(S)
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Definition. The boundary of S is

∂S = V0 = {p1, p2, p3}
and discrete approximations to S are

Vn =
⋃

j=1, 2, 3

Fj(Vn−1)

V0 :

y y

y
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Definition. The discrete Dirichlet (energy) form on Vn is

En(f) =
∑

x,y∈Vn
y∼x

(f (y)−f (x))2

and the Dirichlet (energy) form on S is

E(f) = lim
n→∞

(
5
3

)n
En(f)

Definition. A function h is harmonic if it minimizes the energy given the
boundary values.

Proposition. 5
3
En+1(f) > En(f)

5
3
En+1(h)=En(h)=

(
5
3

)−n
E(h) for a harmonic h.

Theorem (Kigami). E is a local regular Dirichlet form on S which is self-similar
in the sense that

E(f) = 5
3

∑

j = 1, 2, 3

E(f◦Fj)
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Definition. The discrete Laplacians on Vn are

∆nf (x) = 1
4

∑

y∈Vn
y∼x

f (y)−f (x), x∈Vn\V0

and the Laplacian on S is

∆µf (x) = lim
n→∞

5n∆nf (x)

if this limit exists and ∆µf is continuous.

Gauss–Green (integration by parts) formula:

E(f) = −
∫

S

f∆µfdµ+
∑

p∈∂S
f(p)∂nf(p)

where µ is the normalized Hausdorff measure, which is self-similar with weights
1
3
, 1

3
, 1

3
:

µ = 1
3

∑

j = 1, 2, 3

µ◦Fj.
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Spectral asymptotics: If ρ(λ) is the eigenvalue counting function of the Dirichlet
or Neumann Laplacian ∆µ, then

0 < lim inf
λ→∞

ρ(λ)

λds/2
< lim sup

λ→∞

ρ(λ)

λds/2
<∞

where the spectral dimension is

1 < ds = log 9
log 5

< 2.

Proposition. R(z) ∈ σ(∆n) ⇐⇒ z ∈ σ(∆n+1) where z 6=− 1
2
,−3

4
,−5

4
and R(z) = z(5 + 4z).

Theorem (Fukushima, Shima). Every eigenvalue of ∆µ has a form

λ=5mlim
n→∞

5nR−n(z0)

where R−n(z0) is a preimage of z0 = −3
4
,−5

4
under the n-th iteration power

of the polynomial R(z). The multiplicity of such an eigenvalue is C13
m + C2.
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Theorem. Zeta function of the Laplacian on the Sierpiński gasket is

ζ∆µ(s) = 1
2
ζ

3
4

R
(s)

(
1

5s/2−3
+ 3

5s/2−1

)
+ 1

2
ζ

5
4

R
(s)

(
3·5−s/2
5s/2−3

− 5−s/2
5s/2−1

)

ds

dR

= log 9
log 5

= log 4
log 5

6

0 dR 1 ds
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Definition. If L is a fractal string, that is, a disjoint collection of intervals of
lengths lj, then its geometric zeta function is ζL(s) =

∑
lsj .

Theorem (Lapidus). If A=− d2

dx2
is a Neumann or Dirichlet Laplacian on L,

then ζA(s) = π−sζ(s)ζL(s).

Example: Cantor self-similar fractal string.

If L is the complement of the middle third Cantor set in [0, 1], then the complex
spectral dimensions are 1 and { log 2+2inπ

log 3
: n∈Z},

ζL(s) = 1

1−2·3−s, ζA(s) = ζ(s) π−s
1−2·3−s
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Definition. A post critically finite (p.c.f.) self-similar set F is a compact con-
nected metric space with a finite boundary ∂F ⊂ F and contractive injections
ψi :F →F such that

F = Ψ(F ) =
k⋃

i=1

ψi(F )

and
ψv(F )

⋂
ψw(F ) ⊆ ψv(∂F )

⋂
ψw(∂F ),

for any two different words v and w of the same length. Here for a finite word
w ∈ {1, . . . , k}m we define ψw = ψw1 ◦ . . . ◦ ψwm.

We assume that ∂F is a minimal such subset of F . We call ψw(F ) an m-cell.
The p.c.f. assumption is that every boundary point is contained
in a single 1-cell.

Theorem (Kigami, Lapidus). The spectral dimension of the Laplacian ∆µ is
the unique solution of the equation

k∑

i=1

(riµi)
ds/2 = 1
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Conjecture. On every p.c.f. fractal F there exists a local regular Dirichlet form E
which gives positive capacity to the boundary points and is self-similar in the sense
that

E(f) =
k∑

i=1

ρiE(f◦ψi)

for a set of positive refinement weights ρ = {ρi}ki=1.

Definition. The group G of acts on a finitely ramified fractal F if each g ∈ G is
a homeomorphism of F such that g(Vn) = Vn for all n > 0.

Proposition. Suppose a group G of acts on a self-similar finitely ramified fractal
F and G restricted to V0 is the whole permutation group of V0. Then there exists
a unique, up to a constant, G-invariant self-similar resistance form E with equal
energy renormalization weights ρi and

E0(f, f) =
∑

x,y∈V0

(
f(x)− f(y)

)2
.

Moreover, for any G-invariant self-similar measure µ the Laplacian ∆µ has the
spectral self-similarity property (a.k.a. spectral decimation).
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end of the talk :-)

Thank you!
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