
Non-L1-embeddability of the Wasserstein

Metric over the Diamond Fractal

Chris Gartland
joint with Florent Baudier, Thomas Schlumprecht

Texas A&M University

7th Cornell Conference on Analysis, Probability, and
Mathematical Physics on Fractals

4 June 2022

Chris Gartland (Texas A&M) W1(Dω) ̸↪→ L1 7th Cornell Fractals 6/4/2022 1 / 20



Overview

Wasserstein metric background:

Wasserstein metrics W1(X ), transportation cost spaces TC (X )

Naor-Schechtman, Kislyakov: W1([0, 1]
2)

biLipschitz

̸↪→ L1

Brief intro to diamond fractal Dω.

Our adaptation: W1(Dω)
biLipschitz

̸↪→ L1

Key calculation: Lipschitz constants of eigenfunctions of
Laplacian on Dω.
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Wasserstein and Transportation Cost Spaces

(X , dX ) = compact metric space
M+(X ) = nonnegative measures on X
P(X ) = probability measures on X
M0(X ) = signed measures on X with mean zero

Definition (Wasserstein 1 Metric)

For µ, ν ∈M+(X ) with µ(X ) = ν(X ), Wasserstein 1 distance is

W1(µ, ν) := inf
Γ∈M+(X×X )
Γ1=µ,Γ2=ν

∫
X

dX (x , y) dΓ(x , y).

We denote the metric space (P(X ),W1) by W1(X ).

Definition (Transportation Cost Space)

For µ ∈M0(X ), transportation cost norm is ∥µ∥TC := W1(µ
−, µ+).

The normed space (M0(X ), ∥ · ∥TC ) is denoted by TC(X ).

Chris Gartland (Texas A&M) W1(Dω) ̸↪→ L1 7th Cornell Fractals 6/4/2022 4 / 20



Wasserstein and Transportation Cost Spaces

(X , dX ) = compact metric space
M+(X ) = nonnegative measures on X
P(X ) = probability measures on X
M0(X ) = signed measures on X with mean zero

Definition (Wasserstein 1 Metric)

For µ, ν ∈M+(X ) with µ(X ) = ν(X ), Wasserstein 1 distance is

W1(µ, ν) := inf
Γ∈M+(X×X )
Γ1=µ,Γ2=ν

∫
X

dX (x , y) dΓ(x , y).

We denote the metric space (P(X ),W1) by W1(X ).

Definition (Transportation Cost Space)

For µ ∈M0(X ), transportation cost norm is ∥µ∥TC := W1(µ
−, µ+).

The normed space (M0(X ), ∥ · ∥TC ) is denoted by TC(X ).

Chris Gartland (Texas A&M) W1(Dω) ̸↪→ L1 7th Cornell Fractals 6/4/2022 4 / 20



Wasserstein and Transportation Cost Spaces

(X , dX ) = compact metric space
M+(X ) = nonnegative measures on X
P(X ) = probability measures on X
M0(X ) = signed measures on X with mean zero

Definition (Wasserstein 1 Metric)

For µ, ν ∈M+(X ) with µ(X ) = ν(X ), Wasserstein 1 distance is

W1(µ, ν) := inf
Γ∈M+(X×X )
Γ1=µ,Γ2=ν

∫
X

dX (x , y) dΓ(x , y).

We denote the metric space (P(X ),W1) by W1(X ).

Definition (Transportation Cost Space)

For µ ∈M0(X ), transportation cost norm is ∥µ∥TC := W1(µ
−, µ+).

The normed space (M0(X ), ∥ · ∥TC ) is denoted by TC(X ).

Chris Gartland (Texas A&M) W1(Dω) ̸↪→ L1 7th Cornell Fractals 6/4/2022 4 / 20



Wasserstein and Transportation Cost Spaces

X
isometric
↪→ W1(X ) via x 7→ δx (Dirac measure at x).

W1(X )
isometric
↪→ TC (X ) via µ 7→ µ− µ0, where µ0 is reference.

TC (X )∗ = Lip(X )

∥µ∥TC = sup
f :X→R
Lip(f )≤1

∫
X
f dµ (dual form of OTP)
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Wasserstein and Transportation Cost Spaces

Can we biLipschitzly embed W1(X ) into a more familiar space,
like Lp?

– classification tasks in computer science
– Lipschitz geometry of metric spaces

Example

W1([0, 1])
isometric
↪→ L1([0, 1]) via µ 7→ Fµ (CDF of µ).

Note: W1(X )
biLipschitz

̸↪→ Lp for X infinite, 1 < p <∞

Question: When does X
biLipschitz
↪→ L1 but

W1(X )
biLipschitz

̸↪→ L1?
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Wasserstein and Transportation Cost Spaces

Theorem (Naor-Schechtman ‘07)

∃ biLipschitz embedding W1(X ) ↪→ L1 ⇐⇒
∃ linear biLipschitz embedding TC (X ) ↪→ L1.

Theorem (Naor-Schechtman ‘07, Kislyakov ‘75)

There is no linear biLipschitz embedding TC ([0, 1]2) ↪→ L1.
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Wasserstein and Transportation Cost Spaces

Theorem (Naor-Schechtman ‘07, Kislyakov ‘75)

There is no linear biLipschitz embedding TC ([0, 1]2) ↪→ L1.

Proof. Suppose ∃T : TC ([0, 1]2) ↪→ L1.

Dualize : T ∗ : L∞ ↠ Lip([0, 1]2) (unit ball maps onto unit ball).
Compose with Fourier transform : F ◦ T ∗ : L∞ → Lip([0, 1]2)→ ℓ2(Z2)

*Key linear lemma* : (F ◦ T ∗)(BL∞) must be order bounded

=⇒ : F

({
e2πi(mx+ny)

Lip(e2πi(mx+ny))

}
(m,n)∈Z2

)
is order bounded

=⇒ :

{
1(m,n)

2π
√
m2 + n2

}
(m,n)∈Z2

is order bounded

⇒⇐ :
∑

(m,n)∈Z2

(
1

2π
√
m2 + n2

)2

=∞ □
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§ 3

Wasserstein metric background:

Wasserstein metrics W1(X ), transportation cost spaces TC (X )

Naor-Schechtman, Kislyakov: W1([0, 1]
2)

biLipschitz

̸↪→ L1

Brief intro to diamond fractal Dω.

Our adaptation: W1(Dω)
biLipschitz

̸↪→ L1

Key calculation: Lipschitz constants of eigenfunctions of
Laplacian on Dω.
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Diamond Fractal Dω

Definition

Dω = lim
←−

(
D0

π0← D1
π1← D2

π2← . . .
)

Theorem (Gupta-Newman-Rabinovich-Sinclair ‘04)

Dω

biLipschitz
↪→ L1.

Problem (Dilworth-Kutzarova-Ostrovskii ‘18)

Does TC (Dω) ↪→ L1?

Theorem (Baudier-G-Schlumprecht ‘22??)

TC (Dω) ̸↪→ L1.
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Lipschitz constants of eigenfunctions of ∆Dω

Theorem (Baudier-G-Schlumprecht ‘22?)

TC (Dω) ̸↪→ L1.

Proof. Same proof as for [0, 1]2, BUT

reinterpret F : Lip(Dω)→ ℓ2.

F(g) := {
∫
gψdH2}ψ∈Eigbasis(∆Dω ) ∈ ℓ2(Eigbasis(∆Dω))

Claim : Can find orthonormal Eigbasis(∆Dω) such that∑
ψ∈Eigbasis(∆Dω )

(
1

Lip(ψ)

)2

=∞, yielding contradiction as before.

□
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Lipschitz constants of eigenfunctions of ∆Dω

f ∈ Domain(∆Dω) if

f = g ◦ πm for some m, where πm : Dω → Dm.

g
∣∣
edge
∈ Domain(∆edge) for every edge.

g(left endpoint) = g(right endpoint) = 0.

For every vertex v ∈ Dm,∑
left derivatives of g at v =

∑
right derivatives of g at v .

Then the Laplacian on Dω is defined as ∆Dω(f ) := (∆g) ◦ πm.
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Lipschitz constants of eigenfunctions of ∆Dω

Claim : Can find orthonormal Eigbasis(∆Dω) such that∑
ψ∈Eigbasis(∆Dω )

(
1

Lip(ψ)

)2

=∞.

Proof.

For m ≥ 1, Em := {f ∈ Domain(∆Dω)
such that

f ∈ σ(πm).
E[f |σ(πm−1)] = 0.

f
∣∣
edge

is positive or negative sine

wave for each edge.}
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=∞.

Proof.
For m ≥ 1, Em := {f ∈ Domain(∆Dω)
such that

f ∈ σ(πm).
E[f |σ(πm−1)] = 0.

f
∣∣
edge

is positive or negative sine

wave for each edge.}

*Em is an eigenspace of ∆Dω with
eigenvalue λ(Em) = (π

2
2m)2.*
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Lipschitz constants of eigenfunctions of ∆Dω

Above is ONB for E2, say 2−Eig(∆Dω).
Do same thing for Em using 4m−1 × 4m−1

Hadamard matrix to form m−Eig(∆Dω) .
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Lipschitz constants of eigenfunctions of ∆Dω

Eig(∆Dω) :=
⋃

m≥1m−Eig(∆Dω)

|m−Eig(∆Dω)| = 1
4
4m

Lip(f ∈ m−Eig(∆Dω)) =
π
2
2m

∑
ψ∈Eig(∆Dω )

(
1

Lip(ψ)

)2

=
∑

m≥1
1
4
4m
(

1
π
2
2m

)2

=
∑

m≥1
1

π2
=∞. □
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Lipschitz constants of eigenfunctions of ∆Dω

Compose with Fourier transform : F ◦ T ∗ : L∞ → Lip([0, 1]2)→ ℓ2(Z2)

*Key linear lemma* : (F ◦ T ∗)(BL∞) must be order bounded

Proof.

R : X → Y is 1-summing if it factors X → L∞(P) id→ L1(P)→ Y

Fact : 1-summing maps L∞ → ℓ2 send bndd sets to order bndd sets.

Why is F ◦ T ∗ 1-summing?

L∞
T∗
→ Lip([0, 1]2)

id→ W 1,1([0, 1]2)
Sobolev→ L2([0, 1]2)

F→ ℓ2(Z2)
∇
y ∇

y
L∞([0, 1]2)2

id→ L1([0, 1]2)2

□
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Lipschitz constants of eigenfunctions of ∆Dω

S : X → Y is 1-summing if it factors X → L∞(P) id→ L1(P)→ Y

Fact : 1-summing maps S : L∞ → ℓ2 send bndd sets to order bndd
sets.
Proof.

∑
i ∥id(fi)∥1 ≤ supg∈BL∞(P)∗

∑
i |⟨g , fi⟩| =⇒

(1)
∑

i ∥S(xi)∥Y ≤ C supx∗∈BX∗

∑
i |⟨x∗, xi⟩|

By approximation, can assume L∞ = ℓ∞(J) for some finite J .
Define y :=

∑
j∈J |S(ej)|

({ej}j∈J is standard basis and | · | is coordinatewise).

supa∈BL∞(J)
|S(a)| ≤ y coordinatewise by definition of y .

∥y∥2 ≤ C follows from (1). □
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Thanks!

Questions?
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